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ABSTRACT
This thesis investigates the three-dimensional stability
of slopes. The classical circular arc method of analysis is
extended to three-dimensional problems by considering fail-
ures with finite lengths along shear surfaces of revolution.
A computer program (STAB3D) is developed to evaluate the
three-dimensional factor of safety of slopes.
Results of analyses are presented in the form of charts
which illustrate the importance of different factors on sta-
bility and can be used for the design of slopes with a uniform
cross section in the following cases:
1. the undrained stability of: a - homogeneous slopes
which may exhibit an anisotropic shear strength;
b - slopes with homogeneous cross sections and a
variable strength along their axis; and c - homogen-
eous slopes with isotropic strength subjected to
surcharge loads;
2. the drained stability of homogeneous slopes.
Four case studies of embankments rapidly loaded to failure
on saturated clay foundations are thoroughly analyzed. The
three-dimensional factor of safety, which accounts for strength
anisotropy and strain compatibility along the shear surface, is
compared to the actual value of unity at failure. Conclusions
regarding the selection of an adequate shear strength for sta-
bility computations on clay foundations are derived. A new
correction factor for field vane shear strength data is ob-
tained from the above four case studies and from fourteen addi-
tional embankment failures. This correction factor includes
three-dimensional effects and is about 10% lower than that
recommended by Bjerrum (1972).
Thesis Supervisor: Mohsen M. Baligh
Title: Associate Professor of Civil Engineering
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NOTATION
A
a
a
a*,b*
B
b/a
edge distance from the crest of the slope
average undrained shear strength = 0. 5 [qf(V) + q f(H)]
average undrained shear strength adjusted for strain
compatibility = 0.5[T (V) + T f(H)]
decaying parameters of the strength variability re-
duction factors
width of the surcharge load
axes of Davis-Christian elliptical strength relation-
ship in terms of qf
axes of Davis-Christian elliptical strength relation-
ship in terms of Tff adjusted for strain compatibility
intercept of Mohr-Coulomb failure envelope
average shear strength along the axis of the embank-
ment
standard deviation of the shear strength
depth of footing below ground surface
1 - 2/a2
1 - b2 /a 2
difference between the maximum and minimum radii of
the shear surface
(1-K )/(l+K )
(1-K S)/(l+K )
three-dimensional factor of safety
plane strain factor of safety
factor of safety associated with a failure length
of 2L
mean and standard deviation of the factor of safety
associated with a failure length 2L
angle between the normal to the failure plane and
the direction of a if
17
c, c
c*
c
D
d
di
DR
e
e
F
F0
F 2 L
F ,.LF 2f2L 2L
f
f L influence ratio for expressing the three-dimensional
effects
H height of the slope
i angle between the major principal stress at
failure and the vertical direction
j,h angles
K ratio between the effective longitudinal stress
and the effective vertical stress
Ka active earth pressure coefficient
K at-rest coefficient of earth pressure
Kp passive earth pressure coefficient
Ks anisotropic strength ratio = q(HX/qf(V)
Ks anisotropic strength ratio = T f(H)/f (V)
2L total failure length
L length of the surcharge
L.I. liquidity index
2Z c the cylinder length
, semi-axis of the ellipsoid shear surface
n cone height
Mn three-dimensional driving moment
M three-dimensional resisting moment
MO two-dimensional driving moment
MO two-dimensional resisting moment
r
m amplitude of the strength variation model
N effective normal force on the base of the shear
surface
N ,N
_c '_y bearing capacity coefficients
N 'N
c y
NS,NSf stability numbers
N (l+sin )/(1-sin 0
18
n parameter expressing the location of the bedrock
n outward normal vector to the failure surface
OCR overconsolidation ratio = a /Ivo
P(-) cumulative probability
P.I. plasticity index
p(-) probability density function
p intensity of a line load of finite length
po intensity of a line load of infinite length
pcr intensity of the critical line load of finite length
po intensity of the critical line load of infinitecr length
q intensity of a uniform surcharge of finite length
q0 intensity of a uniform surcharge of infinite length
q intensity of a uniform critical surcharge of a fin-
ite length
qf 0.5(a1 a3 ) at failure
q0 intensity of a uniform critical surcharge of an in-
cr finite length
R radius of the shear surface
R. reliability index
R maximum radius of the shear surface
max
r u pore pressure ratio
S arc length of the failure surface
s undrained shear strength = qf or T ff qf cos
s (H) s from horizontal loading
u u
s u(i) s ufrom loading where the angle between a ifand the
vertical direction is i.
s (V) s from vertical loading
u u
s (45) s from inclined (450) loading
u u
19
sue hecorresponding to a failure plane inclined 0 to
tehorizontal
suh u corresponding to a horizontal failure surface
suv su corresponding to a vertical failure surface
s (DSS) su from direct simple shear test
s (FV) su from field vane test
u u
s(PSC) su from plane strain compression test
s u(PSE) su from plane strain extension test
T integral of the shearing stresses acting along
the shear surface
u pore water pressure
u pore water pressure at failure
W weight of the soil mass above the failure arc
w liquid limit
w natural water content
n
w plastic limit
x,y,z the x,y and z axes
3 slope angle
r soil variability reduction factor
y total unit weight of soil
A indicates an increment
6 half the length of the strength variation model
6* autocorrelation distance
e angle between the failure plane and the horizontal
axis
X normalized half wave length = 6/H or 6/DR
yP field vane correction factor based on three-dimen-
sional factor of safety
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y 0
p
a .
0N'GN
av' v%
vc
Gvo
avm
x y
T
Th
Tff
xy
T
CRSC
CU
CIUC
CIUC
CIUE
CK U0
field vane correction factor based on two-dimen-
sional factor of safety
angle between the tangent plane to the shear surface
and the z-axis, or the cone angle
normal stress on failure plane at failure
stress tensor
longitudinal (out-of-plane) stress
normal stress on shear surface
vertical stress
vertical consolidation stress
initial vertical stress
maximum past pressure
normal stresses in the x-y plane
principal stresses
major principal stress at failure
shear stress
T on a horizont&l plane (direct simple shear test)
T on the failure plane at failure
T in the x-y plane
slope of Mohr Coulomb failure envelope
CONSOLIDATION AND STRENGTH TESTS
constant rate of strain consolidation test
consolidated-undrained shear test
isotropically consolidated-undrained shear test
CIU triaxial compression test
CIU triaxial extension test
K consolidated-undrained shear test0
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CK UC
0
CK UDSS
0
CK UE
0
CK UPSC
0
CK UPSE
0
UC
UU
UUC
MISCELLANEOUS
Boston Blue Clay
Connecticut Valley Varved Clay
Experimental test section, Portsmouth, N.H.
Fore River test section, Portland, Me.
Modified Bishop method of analysis
M.I.T. method of analysis
New Liskeard Varved Clay
Ordinary Method of Slices
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CK U triaxial compression test
CK U direct simple shear test
CK U triaxial extension test0
CK U plane strain compression0
CK U plane strain extension
o
unconfined compression test
unconsolidated-undrained shear test
UU triaxial compression test
BBC
CVVC
ETS
FRT
MB
MIT
NLVC
OMS
CHAPTER 1
INTRODUCTION
Stability is an important consideration in the design of
dams, levees, breakwaters, embankments for transportation facil-
ities, cut slopes and excavations. The result of a failure
can be costly, involving the loss of property, time, and even
lives. Nevertheless, the margin of safety against failure for
typical earth structures and excavations is one of the lowest
amongst all engineering designs. Using present analysis tech-
niques, designs are often performed on the basis of a factor
of safety of 1.5 or less, even for important and expensive
structures such as high earth dams. Hence, the design of impor-
tant earth structures and excavations should employ methods of
stability analysis that are as realistic and accurate as possi-
ble.
Existing methods of stability analysis are based almost
entirely on limit equilibrium techniques that are only applica-
ble to plane strain conditions (Wright, 1969). Strictly speak-
ing, for a plane strain analysis to be correct, the failure sur-
face should extend for an infinite distance along its axis.
Practically, a "reasonably long" failure makes the plane strain
analysis "reasonably applicable" to what is always a three-
dimensional failure. In some cases, however, the validity of
a plane strain analysis is clearly inappropriate and the re-
sults involve significant errors. Examples of such problems
include:
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1. High dams built in narrow rock-walled valleys where
the length of failure is restricted by rock abutments. A de-
sign based on a plane strain analysis of the central cross sec-
tion, as often performed in practice, may be too conservative
and thus uneconomical (Marsal and de Arellano, 1967 and Anag-
nosti, 1969).
2. Embankments having a variable cross section along
their axis. The 1-95 embankment failure (MIT, 1975) repre-
sents such a case. The fill that was added on a 300-ft.-long
section of the embankment caused a failure which extended about
1000 ft.
3. Embankments and slopes having variable soil properties
along their axis. This causes the failure to take place along
one particular segment of the embankment rather than another.
Realistic factors of safety and modes of failure cannot be
based on either the average or the worst conditions.
4. Slopes and embankments subjected to concentrated loads
or to finite loaded areas from heavy equipment, constructed
facilities, etc.
5. Slopes and embankments which are curved in plan.
In contrast to the voluminous literature on plane strain
stability analysis, little work has been done regarding three-
dimensional problems. Sherard et al. (1963) present a method
of analysis for three-dimensional problems which is specific-
ally intended to evaluate end effects for high dams in narrow
valleys. This method essentially gives a "weighted" average
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of the stability of various sections of the embankment. The
length of the dam is divided into a series of segments of
equal length. The average cross section of each segment is
analyzed as a two-dimensional problem. The factor of safety
is then defined as the ratio of the sum of the resisting for-
ces to the sum of the driving forces for all segments of dam
length. Lambe and Whitman (1969) recommend a similar approxi-
mate approach for the analysis of three-dimensional problems.
It consists of considering three parallel cross sections
through the slope, calculating the factor of safety of each,
and then computing aweighted average safety factor using the
total weight above the failure surface in each cross section
as the weighting factor. However, these approaches do not take
into consideration the additional soil resistance resulting
from the actual shape of the shear surface, and hence, they
underestimate the end effects. In a recent work, Hovland
(1977) presented a three-dimensional slope stability method.
This method is valid for failure surfaces of general shape and
assumes that all side forces are equal to zero. This assump-
tion underestimates the frictional resistance on vertical
planes and, as will be shown later, leads to unsatisfactory re-
sults.
The objective of this thesis is to investigate the three-
dimensional stability of slopes. This is achieved by:
1. Developing a new analytical method to account for the
mechanism of the three-dimensional stability of slopes;
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2. Extending the existing two-dimensional soil behavior
models to three dimensions;
3. Incorporating the new analytical method and soil be-
havior models into a computerized numerical procedure;
4. Performing parametric studies of the influence of end
effects on slope stability and hence develop a better under-
standing of the different factors affecting this problem; and
5. Reevaluating case studies involving actual slope fail-
ures to check the predictive capabilities of the new method of
analysis and the soil behavior models.
The three-dimensional model is presented in Chapter 2.
Chapters 3 through 7 present solutions to the following prob-
lems:
1. The undrained stability of homogeneous slopes which
may exhibit an anisotropic strength (Chapters 3 and 5).
2. The undrained stability of homogeneous slopes with
isotropic strength subjected to surcharge loads (Chapter 4).
3. The undrained stability of slopes with homogeneous
cross sections and a variable shear strength along their axis
(Chapter 7).
4. The drained stability of homogeneous slopes (Chapter 6).
For each of these problems, extensions of the relevant two-
dimensional soil behavior models to three-dimensions are first
introduced and then the solutions are presented in the form of
design charts. Chapter 8 presents the results from the analy-
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sis of four case studies of embankments rapidly loaded to fail-
ure on saturated clay foundations. The major findings of this
study are concluded in Chapter 9, and Appendix A gives a de-
scription of the computer program STAB3D.
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CHAPTER 2
THREE-DIMENSIONAL MODEL
2.1 MECHANISM OF SLOPE STABILITY
The stability of slopes has traditionally been treated as
a problem in limiting equilibrium mechanics. A condition of
failure is postulated along a known (or assumed) failure sur-
face, and the necessary shear resistance of the soil to
maintain equilibrium of the resulting free body is calculated.
This shear resistance is then compared to the estimated shear
strength of the soil to indicate the margin of safety of the
slope.
2.1.1. Two-Dimensional Problems
A number of methods for the two-dimensional analysis
of slope stability which are based on limit equilibrium tech-
niques are presently available. For a description of these
methods, the reader may refer to Fellenius, 1936; Taylor,
1937; Janbu, 1954; Bishop, 1955; Lowe and Karafiath, 1960;
Morgenstern and Price, 1965; Spencer, 1967; and Janbu, 1973.
Wright (1969) made a comprehensive study of some of these
methods and compared their merits and shortcomings.
These methods differ from one another in one or more of
the following aspects:
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1. The assumptions introduced to achieve statical
determinancy.
2. The conditions of equilibrium which are satisfied.
3. The shape of the failure surface or the shape of the
cut to be analyzed. The analysis performed herein is limited
to circular arc modes of failure.
For a typical slope such as the one shown in Fig. 2.1, the
circular arc method assumes that the shear surface consists
of a cylinder with an infinite length. The mechanism of
failure consists of a rigid body rotation of the cylinder
about its axis o-o (z-axis, Fig. 2.1). If we now consider a
unit length along the z-axis, the driving moment, MO, and the
resisting moment, M', are given by:
r
M = W a (2.1)
M' = T - R (2.2)
r max
where,
W = weight of soil above the circular arc bd
a = moment arm of W about the cylinder axis (the
z-axis)
R = radius of the cylinder
T = integral of the shearing stresses acting along
the arc bd.
For soils obeying the Mohr-Coulomb yield criterion, the shear
strength, TV is given by:
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Tf = [c + (af - uf ) tan T] (2.3)
where,
c = the cohesion intercept in terms of effective
stresses
a = the total normal stress on the failure plane at
failure
Uf = pore pressure at failure
= angle of internal friction in terms of effective
stresses
Hence, T is given by:
e2
T f [E + (Cf - uf ) tan 4] - Rmax * d6 (2.4)
-e1
Substituting into Eq. (2.2), one obtains the following expres-
sion for the plane strain resisting moment:
Mf 2[c + (cf - ) tan R - d0 (2.5)
-e
The factor of safety against plane strain failuresF 0 , is
therefore given by:
MO T * R
FO _ r _ max (2.6)
MO W - a
Due to the complex geometry and the variety of soils
existing in actual problems, the search for FO. is usually
mpcn
performed numerically by computer programs. Presently, no
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less than 25 to 50 programs for slope stability are in common
use (Whitman and Bailey, 1967). Different locations of the
z-axis and different values of Rmax are assumed, and the cor-
responding values of FO are calculated according to Eq. (2.6).
Repeated trials ultimately lead to the minimum value of the
factor of safety, FO. , which should exceed unity for the
min
slope to be stable.
2.1.2. Three-Dimensional Problems
In contrast to the voluminous literature on two-dimen-
sional slope stability, little work has been done in three
dimensions (see Chapter 1). Here, we consider the basic
class of three-dimensional problems, in which the geometry of
a slope and the corresponding soil properties do not vary
along the axis. Extensions of the technique to more general
conditions can be easily made once the fundamental mechanism
has been established.
Three-dimensional analysis is treated herein as an exten-
sion of the circular arc method. Whereas the basic assump-
tions regarding this method are retained, the shear surface
is not restricted to an infinitely long cylinder, but is
taken as a surface of revolution extending along the ground
surface for a finite length, 2L (Fig. 2.1). The rigid body
motion at failure still provides an acceptable velocity field
which is necessary for obtaining upper-bound solutions.
Let us consider the surface of revolution shown in Fig.
2.2a which is symmetric with respect to the plane z = 0, and
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LI
has a radius, r, varying along the z-axis, i.e.,
(2.7)r = R(z)
An element of surface area, dA, is given by:
dA = R(z) - de - dS (2.8)
in which,
dS = dz - /l + (dR/dz)2 (2.9)
substituting into Eq. (2.8), we get:
dA = R(z) - dO - dz - 1 + (dR/dz) 2 (2.10)
From Eq. (2.3), the shearing force, dF, resulting from the
soil resistance along the area dA is:
dF = [C + (af - uf )tan] - dA (2.11)
Substituting for dA from Eq. (2.10), we get:
dF = [a + (af - u f) tan j] -. R(z) -
1 + (dR/dz)2 - de - dz (2.12)
The resisting moment caused by the force dF is given by:
dMr + (af - u f) tan j] - R 2 (z)
1 + (dR/dz)2 -d - dz (2.13)
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and the total resisting moment for the segment of the shear
surface between z and z2 is thus obtained by the double
integral:
z2  02
Mr=
r zf 
-ef
{c + (cxf - uf) tan } - R2 (z) - dO
+ (dR/dz)z * dz
but, according to Eq. (2.5),
a
2 {-c + ( a - u ) tan R} -2 (Z) - dO = MO(z)
-6f
Hence,
r f
z1
M0 (z) - + (dR/dz) 2 . dz
r
(2.16)
A similar treatment for the driving moment shows that:
z
Md z 2 M 
(Z) -dz (2.17)
Note here that M(z) and M (z) are functions of the coordinate
z. The three-dimensional factor of safety, F, is thus given
by:
M
F = r
d
(2.18)
The problem is now reduced to determining:
1. The location of the axis of rotation with respect to
the slope, and
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(2.14)
(2.15)
Z 2
2. The function R(z) which minimizes the factor of
of safety given by Eq. (2.18).
The conventional two-dimensional analysis provides a
good estimate of the difficulty of obtaining exact solutions
to this problem. In plane strain solutions, where Rmax'
MO and MO are independent of z, the surface of revolution
r d
becomes a cylinder and Eq. (2.18) reduces to Eq. (2.6).
Even under such simple conditions, the complexity of actual
problems implies the use of numerical techniques rather than
obtaining exact solutions. Furthermore, three-dimensional
problems present the additional difficulty that the function
R(z) is unknown and, to find it, the factor of safety, F,
expressed by Eq. (2.18) has to be minimized. Therefore, no
analytic solution will be attempted herein and instead, solu-
tions will be obtained by the computer program STAB3D. (A
complete description of STAB3D is given in Appendix A of this
thesis.)
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2.2 SHEAR SURFACES OF REVOLUTION
The search for the minimum factor of safety is carried
out in STAB3D along the same lines of the conventional two-
dimensional analysis. The location of the z-axis and the
function R(z) are assumed, F is computed and the process is
repeated until Fmin is reached. Arbitrary values of the func-
tion R(z) cannot be treated in numerical computations. In-
stead, two classes of surfaces of revolution are considered.
2.2.1 Cone Attached to a Cylinder
The first type of shear surfaces considered herein con-
sists of a cone attached to a cylinder (Fig. 2.2b). The
cylinder has a radius, Rmax and a length, 2k . The cone has
max c
a height, X.n, and the total failure length is equal to 2L.
The resisting and driving moments for this shear surface
are the sum of the contributions of the cylinder and the
cone. The cylinder resisting moment is the plane strain
resisting moment (for a unit length along the axis) multi-
plied by the cylinder length, i.e.,
M (cylinder) = 2 - M0 (@ z = 0) - k (2.19)
r r c
Similarly,
Md(cylinder) = 2 - M (@ z = 0) - c (2.20)dd c (.0
Fig. 2.2b illustrates the geometry of the conical surface,
where the radius R along the z-axis is given by:
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R(z) = (k. + 9. - z) - tan p for k. < z < k. + 9C nl C - nl C
(2.21)
where p is the cone angle. Differentiating Eq. (2.21) with
respect to z, one obtains:
dR= 
-tan p (2.22)
Substituting into Eqs. (2.16) and (2.17), and noting the
symmetry about the plane z = 0, one obtains the following
expressions for the cone resisting and driving moments:
M (cone) = 2 -
r
I c nMO (Z) - dz
r
z=c
c
(2.23) ,
cos p
and
z=k +Z
c n
Md (cone) = 2 - MO(z) - dz
z=z
c
(2.24) ,
respectively. The total resisting and driving moments are
expressed by:
c n
and
M = 2 - 1 M0 (@ z = 0) + 2 -f M (z)
c
Md = 2 - Pc
c n
M' (@ z = 0) + 2 - M (z)
c
dz
cos p
- dz
(2.25),
(2.26)
respectively, and therefore, the three-dimensional factor of
safety is the ratio of Eq. (2.25) to Eq. (2.26).
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In order to minimize F for a conical-type shear surface, the
parameters to be varied are: the z-axis location; Rmax;
Rc and k n (or p)
2.2.2. Ellipsoid Attached to a Cylinder
The second shear surface considered consists of an ellipsoid
attached to a cylinder (Fig. 2.2c). The cylinder has a radius,
R , length, 22 . The ellipsoid has a semiaxis, ke and the
max ce
total failure length is 2L. An ellipsoidal-type shear surface
is basically the same as the conical one. The variation of
its radius along the z-axis is given by:
z - Z 2 R 2
(k c) + (= 1 for Z. < z < ke + 2 (2.27)
e max
or,
z -
-4
R = R - )l - ( c)2 (2.28)
max L e
and,
dR Rzax Z-
max2k , (2.29)
z - 2 2 4
dZ (2e)2 [ e c
Substituting into Eq. (2.16), the resisting moment resulting
from the ellipsoidal part of the shear surface is expressed by:
c e
S R2 (z- )d2
M (ellipse) = 2 - MJr(z) - 1+ max c dz
r r 0 _[k2 .Z _ 2
e e c
c
(2.30)
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and hence, the total resisting moment is given by:
c e
M = 2 - M (@ z = 0) + 2 M (z) -r c r f r
C
R2  (z - )2 h
+ max c dz (2.31)
+ 2 4-2,2 (z - 9 )2]
e e c
whereas the total driving moment is given by Eq. (2.26).
As can be seen from Eqs. (2.26) and (2.31), the three-
dimensional analysis introduces the two parameters Zc and e
(2 or p) in addition to the ones used in the conventional
n
two-dimensional analysis.
The following parts of this thesis will employ the models
described above in solving several problems where three-dimen-
sional effects on stability are significant.
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CHAPTER 3
UNDRAINED STABILITY
OF HOMOGENEOUS SLOPES
To illustrate the three-dimensional (or end) effects on
the undrained stability of cohesive slopes ($ = 0 and c = s u
due to failure along a finite length, concepts presented
earlier are applied to:
1. The toe failure of a vertical cut where typical
end effects are encountered. Numerical solutions
are obtained by means of the program STAB3D and
checked analytically.
2. The failure of a slope with angle 8 where a finite
length of failure 2L is imposed.
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3.1 UNDRAINED STABILITY OF A VERTICAL CUT
Let us consider the case of a vertical cut of height
H in clay as shown in Fig. 3.1. The z-axis is taken at the
crest of the cut and the cylinder to pass through the toe,
i.e., R = H. Although not providing the minimum factor
max
of safety, these conditions illustrate the fundamental three-
dimensional effects and lead to results that could be checked
analytically. The cylindrical shear surface assumed in two-
dimensional analysis is shown in Fig. 3.la where kc is large
compared to the height H. Furthermore, Figs, 3.lb and 3.lc
show the two classes of three-dimensional shear surfaces con-
sidered. We note here that the symmetry with respect to
the plane z = 0 is assumed and the particular choice of the
location of the z-axis makes Z = k and k = Z in the cases
e n
of the ellipsoidal and conical shear surfaces, respectively.
3.1.1 Closed-Form Solutions
For the vertical cut shown in Fig. 3.1, the plane strain
resisting and driving moments are given by:
MO =t R -c (3.1),
r 2 max
and,
M = R 3  (3.2),d 3 max
respectively. Therefore, the plane strain factor of
safety, F0 is:
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43
3 Tr c
F0 = - (3.3)
Let us consider the case of a shear surface consisting
of a cone attached to a cylinder (Fig. 3.lb). The resisting
and driving moments resulting from the cylindrical portion of
the shear surface are given by (see Eqs. 2.19 and 2.20):
M (cylinder) = r * c - (3.4)r max c
and
M (cylinder) = 2y - R3 - (3.5),3 max c
respectively.
As for the conical portion, the resisting moment is given
by (see Eq. 2.23):
c
M (cone) 2 dM(z) (3.6)rr
cos p
c
where, p is the cone angle. M0 (z) is the plane strain resis-r
ting moment at a distance z along the embankment axis.
MO (z) = 7T R2 (z) - c (3.7)
2
R(z) = (Z. + 2 - z) - tan p (3.8)
Substituting from Eqs. (3.7) and (3.8) into Eq.(3.6), we
obtain:
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cM (cone) = 7 - c tn 2 2 c + Z - z) 2 - dzr cos2 p f c
C
Upon integration and using the following relationships:
R
max
=2 - tan p
(3.9)
(3.10),
(3.11)cos p =
22 + R
max
and
H = R
max
the following is obtained:
M (cone) = - c - R2
r max
. 1/2 + .H 23
The total resisting moment is, therefore, given by
M = 2
r max
c -[Z + +/22 2
c 3
According to Eq. (2.24) the driving moment resulting from
the conical portion of the shear surface is given by:
rc
Md(cone) = 2 j M (z) dz
c
(3.15)
where,
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(3.12),
(3.13)
(3.14)
M (z) = - R3 (z) (3.16)
Substituting from Eq. (3.16) into Eq. (3.15) and integrating,
we obtain:
Md (cone) = - tan 3 p (3.17)
Using Eq. (3.10),Eq. (3.17) reduces to:
M(cone) = - Rm - (3.18),d 3 max 4
and the total driving moment is thus given by:
M = - 3 (Z + Z/4) (3.19)d 3 max c
Therefore, the three-dimensional safety factor, F, is given by:
3 r c kc + 1/3 + H2 (3.20)
F= - - c
2 yH Zc + Z/4
and the ratio of the three-dimensional to the plane strain
safety factors, F/F0,is given by:
9= + 1/3/k2 + H2
F/F 0 - c (3.21)
,c + X/4
Dividing by H, we get:
9. /H + 1/3 (9./H) 2 + 1
F/F 0 = c (3.22)
P c/H + 1/4(k/H)
Figure 3.2 shows a plot of F/F0 vs 2/9 for different values
of .c /H as obtained from Eq. (3.22) (dotted lines).
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3.1.2 Numerical Solutions
The undrained stability of the vertical cut shown in
Fig. 3.1 was then studied using the program STAB3D. The
analysis was carried out employing the ordinary method of
slices (Fellenius, 1936). The central cross section of the
shear surface (at z = 0) was divided into twenty slices.
Similarly, and in order to estimate the resisting and driving
moments for the conical (or ellipsoidal) surface, the length of
the cone (or ellipsoid) was divided into twenty segments.
The integration of Eqs. (3.9) and (3.15) was performed nu-
merically using the trapezoidal rule of integration (Crandall,
1956). Appendix A of this thesis gives a detailed descrip-
tion of the computer program STAB3D.
The ratio F/F0 is plotted against Z/H for different
values of Zc /H in Fig. 3.2a for the case of a cone attached
to a cylinder, and in Fig. 3.2b for the case of an ellipsoid
attached to a cylinder.
The three-dimensional effects can be seen in Fig. 3.2
where we note that:
1. Since F/F0 exceeds unity, three-dimensional effects
tend to increase the factor of safety. Slopes would therefore
tend to fail for long distances provided the soil properties
and the cross section of the embankment are independent of z.
2. As kc /H increases, the value of F/F0 decreases.
Failures having Zc /H in excess of four can be considered close
enough to plane strain (2c /H = w and F = FO).
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3. For a fixed value of Zc /H, the factor of safety
reaches a minimum at the critical value of Z/H which determines
the most likely length of failure. The curves are, however,
quite flat, especially for small values of c/H. This means
that even though the factor of safety F can be predicted with
reasonable accuracy, the length of failure 2L is more dif-
ficult to predict.
4. When k equals zero, the values of F are the same in
both plots (Fig. 3.2) and correspond to a cylindrical shear
surface when the edge effects are taken into consideration.
This solution is relatively easy to obtain and can be used
to determine if a particular problem needs a three-dimensional
analysis.
5. Comparing the solid and dotted lines in Fig. 3.2a,
one sees that the solutions obtained by STAB3D are in good
agreement with those based on the closed-form solution given
by Eq. (3.22). The maximum deviation between the two solu-
tions is about 3.5%. However, the maximum difference between
the minimum values of F/F0 obtained from the two solutions is
only about 1.5%.
Finally, a comparison between conical and ellipsoidal
shear surfaces is made in Fig. 3.3 where plan views of these
surfaces giving the minimum factor of safety at different c/H
ratios are given. For this problem of a vertical cut in clay,
ellipsoidal failure surfaces gave consistently lower values of
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F and are therefore more likely to represent actual failures.
Moreover, by comparing the plan views of ellipsoidal failures
corresponding to c/H = 1 to that of c/H = 2, we note that
they are quite close to one another. It would therefore be
difficult to decide which of the two has taken place by ob-
serving the actual failure of a slope. The same applies to
z c/H = 0.5 and kc/H = 4 in spite of the fact that they have
different factors of safety.
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3.2 UNDRAINED STABILITY OF HOMOGENEOUS SLOPES
The concepts introduced in Chapter 2 will now be employed
to study the undrained stability ($ = 0, and c = s u) of homo-
geneous slopes restricted to fail along a finite length 2L.
These slopes are assumed to have cross sections and soil
properties that do not vary along the slopes' axis.
To determine the critical shear surface and the corres-
ponding factor of safety, Fmin of a slope of height H, making
an angle with the horizontal and restricted to fail along
a finite length 2L by numerical techniques, the following
steps are needed:
1. Choose a class of admissible shear surfaces. Here
we consider a conical surface attached to a cylinder and an
ellipsoid attached to a cylinder as previously described.
2. Assume the location of the z-axis. This is equi-
valent to assuming the location of the center of the circle i
two-dimensional analysis.
3. Assume the radius of the cylinder R . This is
max
equivalent to assuming the radius of the circle in two-
dimensional analysis.
4. Assume the length of the cylinder 2k (0 < 2Z < 2L)
Fig. 2.2.
5. Obtain the factor of safety F against a shear sur-
face failure defined by steps 1, 2, 3, and 4 above.
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a
I
6. Repeat steps 2, 3, 4 and 5 to get another factor of
safety and, after a sufficient number of trials, choose the
minimum value, Fmin, obtained. This will represent an upper
bound on the actual factor of safety of the slope.
Taylor (1937) studied the same problem in two-dimensions
(infinite failure length, i.e., plane strain conditions),
and concluded that for slopes with angle, , equal to or
greater than 53*, the failure circle passes through the toe
of the slope. On the.other hand, for 6 < 53*, a deep-
seated failure is more critical and extends to a depth which
depends on the bedrock location, as described by the para-
meter n in Fig. 3.4.
The end effects imposed by a limited length of failure,
2L, of the slope are illustrated by the results shown in Fig.
3.4 where F/F0 is plotted against 2L/D for slope angles
equal to 10* and 90*, and for n values of 1 (toe failures),
1.25, 1.5 and 2. The results show that:
1. When the length of failure 2L is large, a plane
strain failure is approached (F/F0 approaches unity).
2. For a certain value of 2L/DR, the slope angle has
little influence on F/F0 , i.e., on the increase of factor of
safety due to end effects. The case of S = 40* was also con-
sidered and results were found to lie within the narrow band
provided by 5 = 10* and 5 = 90* shown in Fig. 3.4. The same
result was also found in case of base failures.
*DR = RR mR .
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3. The ratio 2L/DR determines whether end effects in a
particular problem are important and whether a thorough three-
dimensional analysis is justifiable. Given the slope cross
section and the length of failure, 2L, it is therefore im-
portant to determine DR. This can be achieved by performing
a conventional two-dimensional slope stability analysis to
obtain the minimum factor of safety FO.n, the location of the
min'
center of the slip circle (the z-axis) and its radius Rmax*
For the simple case of homogeneous cohesive slopes as treated
herein, the z-axis and Rmax and Fmi are given by Taylor (1937).
The value of R .n is the radius of the circle with the same
origin as the slip circle and touching the slope. The value
of DR is then computed as the difference between R and R .
max min
(Fig. 3.4). For values of 2L/DR > 6, the increase in the fac-
tor of safety due to end effects is less than 10% and a three-
dimensional analysis would not, in many cases, be warranted.
However, for 2L/DR < 6, a three-dimensional analysis including
edge effects might be considered if the savings resulting from
a more accurate treatment justify this effort.
4. Strictly speaking, Fig. 3.4 should only be used for
homogeneous cohesive slopes. However, Fig. 3.4 provides a
rough estimate of the end effects for more general slope con-
ditions after the conventional two-dimensional analysis has
been performed.
5. The results of computations showed that elliptic
shear surfaces consistently gave a lower factor of safety
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than conical ones and are thus more likely to simulate the
geometry of actual slope failures of the type considered.
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3.3 SUMMARY AND CONCLUSIONS
The end effects on the stability of cohesive slopes are
investigated by extending the circular arc method to three-
dimensional problems. Results are obtained numerically by
means of the computer program STAB3D, and checked analytically
for the case of the undrained stability ($ = 0 and c = su ) of
a vertical cut. From this investigation the following con-
clusions can be advanced:
1. The end effects increase the factor of safety ob-
tained by means of a conventional two-dimensional solution.
When the geometry of the slope and the soil properties do
not change along the slope axis, this increase depends on the
ratio between the length of failure, 2L, and the depth of
failure, DR. Figs. 3.2 and 3.4 show that for long shallow
failures where 2L/DR exceeds eight, the increase in the factor
of safety is less than 5% and can therefore be neglected. On
the other hand, for short deep failures where 2L/DR is less
than two, the increase in the factor of safety can exceed
20% and the use of a three-dimensional analysis is thus re-
commended.
2. Slopes having a variable cross-section or having
variable soil properties along their axis are subjected to
more pronounced end effects than uniform slopes. A three-
dimensional analysis in such cases is needed for a wider
range of 2L/DR than mentioned above.
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3. The end effects on the factor of safety can be pre-
dicted with reasonable accuracy. However, the length of
failure is very sensitive to the parameters defining the
problem and is thus difficult to predict.
4. For a certain ratio of 2L/DR, the slope angle 6 has
little influence on the increase in the factor of safety due
to end effects. For a value of 2L/DR equal to six, the in-
crease in the factor of safety due to end effects is about 8%
for 6 = 100, whereas the corresponding increase for 6 = 90*
is about 12% (Fig. 3.4).
5. For flat slopes, the three-dimensional effects (the
ratio F/F 0 )are influenced by the bedrock location expressed
by the parameter n in Fig. 3.4. In case of S = 450 (cot a = 1),
when n increases from 1 (toe failures) to 2, the F/F0 value at
2L/DR = 4 decreases by about 7%. A similar result for plane
strain analysis (a decrease in FO with an increase in n) was
reported by Taylor (1937).for flat slopes with a < 53*.
6. Elliptic shear surfaces consistently gave lower
factors of safety than conical ones.
7. Figure 3.2a shows that the results obtained by the
program STAB3D are confirmed by closed-form solutions derived
for a vertical cut in a cohesive soil.
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CHAPTER 4
UNDRAINED STABILITY OF HOMOGENEOUS SLOPES
SUBJECTED TO SURCHARGE LOADS
4.1 INTRODUCTION
This chapter considers the undrained stability of cohesive
slopes (c = su and $ = 0) subjected to surcharge loads. Heavy
equipment (e.g., draglines and railways) and structures
"rapidly" built near the crest of cohesive slopes produce such
loadings.
Existing methods of analysis for cohesive slopes sub-
jected to surcharge loads are mostly based on two-dimensional
(plane strain) modes of failure where the surcharge load is of
infinite extent (Janbu, 1954; Meyerhof, 1957; Brinch Hansen,
1966; Bowles, 1975 and 1977). In cases where the loaded area
and/or the failure zone are not "long enough", three-dimen-
sional effects become important, and plane strain analyses are
no longer justified. Brinch Hansen (1966) outlined an approxi-
mate procedure to account for end effects. Giger and Krizek
(1976) studied the stability of a vertical corner cut sub-
jected to a concentrated surcharge load.
The problems considered in this chapter are shown in
Fig. 4.1 and are divided into two classes:
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I. Plane strain problems which are treated in Section 4.3
as an extension of Taylor's work (1937) using the classical
circular arc method of analysis. Fig. 4.la shows problems 1-1
where the slope is subjected to a line load of infinite ex-
tent. Problem 1-2 is similar to that of I-1 except that the
load is applied on a finite width, i.e., along a strip of
infinite extent (Fig. 4.lb).
II. Three-dimensional problems which are treated in Section
4.4 as an extension of the work presented in Chapter 2 using
conical and ellipsoidal shear surfaces. This class of problems
considers the stability of a slope first subjected to a line
load of finite length (Problem II-1 in Fig. 4.lc) and then to
a rectangular loaded area (Problem 11-2 in Fig. 4.ld). Re-
sults of the class I problems, Problems II-1 and 11-2, for the
case of square loaded areas, are presented in charts suitable
for performing undrained stability analyses.
Section 4.5 compares predictions based on existing methods
with the results in Sections 4.3 and 4.4. Finally, the major
findings of this study are summarized in Section 4.6.
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(a)
A -- 'P
I. PLANE STRAIN PROBLEMS
(C)
K--Lp
c= COHESION Y = TOTAL UNIT WEIGHT 0=0
II. THREE - DIMENSIONAL PROBLEMS
Figure 4.1 Problems Description
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(d)
(b)
4.2 BACKGROUND OF RELATED WORK
Several investigators have considered the stability of
cohesive slopes subjected to surcharge loads. Until recently,
most existing solutions applied to two-dimensional condi-
tions where the length of the loaded area is reasonably lar-
ger than its width. Such solutions include the work of Janbu
(1954), Meyerhof (1957),Brinch Hansen (1966), and Bowles
(1975, 1977). In contrast to the voluminous literature on
two-dimensional stability problems, little work has been done
in three-dimensions. Brinch Hansen (1966) presented an appro-
ximate procedure to take into consideration the three-dimen-
sional nature of the problem. Giger and Krizek (1976) con-
sidered the problem of a vertical cut, with a variable cor-
ner angle, subjected to a concentrated surcharge load.
This section presents a summary of the existing methods of
analyses and, whenever needed, provides examples to illustrate
their use. Comments on the different methods and compari-
sons between their results are given in Section 4.5.
4.2.1 Two-Dimensional Solutions
Janbu's Analysis. For slope stability problems, Janbu
(1954) developed general solutions based on dimensionless
parameters and suitable for performing undrained as well as
drained stability analyses. The potential sliding surface is
cylindrical and the factor of safety is defined as the ratio
between the shear strength and the shear stress necessary
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for equilibrium along the critical sliding surface. Janbu's
analyses considered the influence of several factors such as
drawdown conditions, water-filled tension cracks and surcharge
loads.
Of particular interest herein is the case of a slope sub-
jected to surcharge loads. Fig. 4.2a shows a profile of a
slope in homogeneous, purely cohesive soil which is subjected
to a surcharge of constant intensity, q0 . Assuming that this
surcharge is of infinite extent in the horizontal direction,
stability considerations for the * = 0 case yield:
F" = o N c (4.1)
q syH + q
in which,
F0 = plane strain factor of safety
c = soil cohesion (undrained shear strength, s U)
y = total unit weight
y o = dimensionless reduction factor which is plotted
versus the ratio qo/YH and the slope character-
istics 8 and n in Fig. 4.2b
Ns = stability number for simple slopes under the
effect of gravity alone, and is plotted versus
the slope angle a and depth factor n in Fig.
4.2c.
The following example illustrates the use of Janbu's
charts: a slope of height 13 ft, rising at an angle of 42*
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Figure 4.2 Janbu's Analysis
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to the horizontal is subjected to a vertical surcharge load of
intensity q0 = 220 psf. The soil has an undrained shear
strength of 410 psf and a total unit weight of 120 pcf. The
bedrock is 7 ft below the toe of the slope. What is the fac-
tor of safety of this slope? In solving this example, consi-
der two modes of failure: a base failure and a toe failure.
For a base circle tangent to bedrock one finds:
Ns = 5.75 for S = 42* and n = 20/13 = 1.54, Fig. 4.2c.
yi O = 0.97 for q0/yH = 0.141 and n = 1.54, Fig. 4.2b.
Hence, Eq. (4.1) yields;
F0 = 0.97 x 5.75 410 1.281560 + 220 =12
For a toe circle analysis one finds:
Ns = 5.90 for S = 42* (independent of n), Fig. 4.2c
y qO = 0.95 for q0/yH = 0.141 and S = 42*., Fig. 4.2b
Therefore, Eq. (4.1) yields:
F0 = 0.95 x 5.90 x 410 - 1.29
1780
Both analyses led to practically the same value of the factor
of safety.
Meyerhof's Analysis. Meyerhof (1957) indicated that for
a slope subjected to a surcharge load, failure can take place
according to one of two modes: (1) Foundation failure, where
the shear surface intersects the slope in a position higher
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than its toe; and (2) Slope failure, where the critical shear
surface passes through or below the toe of the slope. Whether
one mode or the other will occur is determined primarily by the
stability number, Ns, defined as:
N = YH/c (4.2)
Slopes with small Ns values encounter foundation failures,
whereas slopes having high Ns values tend to fail through the
toe or the base of the slope.
Meyerhof's analysis of foundation failures is based on an
approximate bearing capacity theory. Figure 4.3 depicts three
zones for such a failure mode: a central rigid zone abc, a
radial shear zone acd, and a mixed shear zone adef. Stresses
in the zones of plastic equilibrium are obtained, as for the
case of a horizontal ground surface, by replacing the weight
of the soil wedge aef by the equivalent stresses Go and T. in
the normal and tangential directions to plane ae, respectively.
The ultimate pressure can then be expressed by:
q0 =c N + YB N (4.3)
cr c Y
in which,
B = foundation width
Nc and NY = dimensionless coefficients which depend on the
edge distance, A; foundation width, B; the slope
angle a; the angle of internal friction, $;
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a) ASSUMED FAILURE SURFACES
O'
O 1 2 3 4 5 6
A/B (FOR Ns=O)or A/H (FOR Ns>O)
b) BEARING CAPACITY FACTORS
FOR STRIP FOUNDATION ON
TOP OF SLOPE OF PURELY
COHESIVE MATERIAL
Figure 4.3 Meyerhof's Analysis
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and the depth, D, of the foundation below
the ground surface.
The undrained ultimate pressure ($ = 0) is given by:
q = s N (4.4)
cr u c
in which su is the undrained shear strength of the soil. Co-
efficient Nc, given in the upper part (Ns = 0) of Fig. 4.3b,
decreases with greater inclination of the slope and increases
rapidly with greater foundation distance from the edge of the
slope.
Slope failures are analyzed by means of the classical
circular arc method using Janbu's work. Figure 4.3 presents
the values of the coefficient Nc (lower part of Fig. 4.3b) for
a wide foundation (B/H = w) located at a distance A from the
crest of the slope. Nc increases with A/H, decreases consi-
derably with greater Ns values and, to a smaller extent, with
the slope inclination 6.
Bowles' Analysis. Bowles (1975) considers the case of a
footing located near the top of a slope. When the failure
surface (Fig. 4.4a) does not intersect the slope, Bowles re-
commends no reduction in the footing's bearing capacity and
that conventional bearing capacity theories for a horizontal
surface be used. For a surface footing, this corresponds to
a critical A/B ratio of 0.7 for the case of # = 0.
When the failure surface intersects the slope, Bowles con-
siders a failure mechanism which consists of three wedges
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a) PROBLEM DESCRIPTION
0*
100
20*
30*
40*
R/R.
1.00
1.18
1.48
2.00
3.09
d
b) DETAILS OF ANALYSIS
Solution Steps:
1. Draw system to scale and compute R,.
2. Lay off line ao of indefinite length.
3. Find R, and with center at o draw arc through point c to b.
4. Compute weights w1 , w 2 and w 3 '
5. Compute friction resistance to sliding along slip surfaces
due to N tan$ and cohesion.
6. Ultimate pressure q0  is found by satisfying the verticalcr
equilibrium of each wedge and the overall horizontal
equilibrium of the entire sliding mass.
Figure 4.4 Bowles' Analysis
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(Fig. 4.4b). Table 4.1 presents a list of the unknown forces
along with the available equilibrium equations associated
with this failure mode. The number of unknowns is 16 and the
number of equations is 12. However, if one neglects to satisfy
the moment equilibrium, the corresponding number of unknowns
and equations are reduced to 11 and 9, respectively. This
means that the problem is twice statically indeterminate, and
two simplifying assumptions are needed in order to achieve
statical determinancy. Bowles assumes that the interwedge
forces are horizontal, and by satisfying the vertical equili-
brium of each wedge, the force along the base can be expressed
in terms of the ultimate pressure and the soil weight in the
three wedges. Considering the overall horizontal equilibrium
of the entire sliding mass, we obtained the following expres-
sion for q0 for the 5 = 0 case:
cr
q0 /c = 2.243 + 2(cos 6 + /2 A/B sin 6)
cr sin + cos 6
- YH x B x /-(1 -1/2 A/B)2 sin (4.5)
c H 4 sin 6 + cos (
The Modified Bowles' Analysis. Bowles (1977) recommends
another alternative for the computation of the ultimate pres-
sure. This alternative is based on modifying the shear sur-
face in Prandtl's solution (1920) for a strip footing on a
horizontal surface to account for the existance of the slope.
Assuming the shear surface geometry in Fig. 4.5, the adjusted
bearing capacity coefficients N and N for frictionless
c q
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Table 4.1 Equations and Unknowns Associated with Bowles' Analysis (1975)
Satisfying all Satisfying force
equilibrium equilibrium only
equations (Neglect moment
Unknowns equilibrium)
Ultimate bearing pressure 1
Normal components (N) of forces on the
base of each wedge 3 3
Tangential components (T) of forces on
the base of each wedge 3 3
Point of-application of forces on the
base of each wedge 3 --
Resultant interwedge forces 2 2
Inclination of interwedge forces 2 2
Point of application of interwedge
forces 2 --
Total unknowns 16 11
Equations
Vertical force equilibrium
for each wedge 3 3
Horizontal force equilibrium for
each wedge 3 3
Moment equilibrium for each wedge 3 --
Mohr-Coulomb yield criterion
(T = N tan T + c)
at the base of each wedge 3 3
Total Equations 12 9
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NO SLOPE
Ne= R. exp (9 ton 0)
ACTUAL CASE
x Nc
(SI2,3,4 ) no slope
Figure 4.5
x Nq
The Modified Bowles' Analysis
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SI,2,3,4
c
i
2 1.. 1%. .00,
materials ($ = 0) are given by:
S
N = 1,2,3,4 N (4.6)C (S ) N1,2,3,4 no slope
Nc = q (4.7)
W
where SI,2,3,4 is the length along the shear surface. For a
surface footing (D 0) resting on a cohesive soil ($ = 0) we
get:
Tr N
N = [2 + (90 - -) + 2A/B sine] c (4.8)
180 3.57
The ultimate bearing pressure is thus given by:
qO = S iT (4.9)cr u c
As should be evident, this method is approximate, and
is valid only for the case of a footing resting on a weightless
soil, i.e., YH/c = 0.
4.2.2 Three-Dimensional Solutions
Brinch Hansen's Analysis. Brinch Hansen (1966) considers
the undrained bearing capacity ($ = 0, c = s u) of a rectan-
gular footing of dimensions B x L resting on the surface of
p
a saturated clay layer (Fig. 4.6). For the plane strain case
(L p/B = c), Hansen uses the circular arc method of analysis
and evaluates the ultimate footing pressure by equating the
resisting moment, due to the shear resistance along the circu-
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Saturated
clay layer
e)cr 6 6.8 0
cr/c = 5.52
Figure 4.6 Brinch Hansen's
Analysis
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lar arc, to the disturbing moment due to gravity and surcharge
loads. The critical center lies above the edge of the footing,
the half central angle of the slip circle is 66.80 (Fig. 4.6),
and the critical load ratio, qc /c = 5.52.
cr
When the length of the loaded area, Lp is not much lar-
ger than its width B, Hansen recommends the use of a three-
dimensional analysis based on a shear surface consisting of a
circular cylinder with plane end surfaces. By equating the
resisting and disturbing moments, he obtains the following
expression for the three-dimensional load ratio, qcr/C:
qcr/c = 5.52 (1 + 0.57 B/Lp) (4.10)
According to Hansen, this value of qcr/c must be an upper limit,
because the considered failure surface is kinematically ad-
missible and does not necessarily satisfy equilibrium at all
points within the soil medium.
Hansen also suggests another approximate method to
account for the end effects for the case of $ = 0. The
safety factor, F , is determined by multiplying the plane
strain factor of safety, F0 , by a correction factor, fr' i.e.,
F = f F0  (4.11)r
where,
A
f = 1 + r (4.12)r kSL
p
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in which,
k = a constant
S = arc length of the failure surface
Ar = area of the soil mass above the critical failure
surface (Fig. 4.6)
Lp = length of the loaded area
In order to determine the constant k, Hansen uses Skemp-
ton's expression (1951), for a footing on a horizontal ground
surface:
fs = 1 + 0.2 B/L (4.13)
By equating Eqs. 4.12 and 4.13, one obtains k g 2 and hence,
A
= 1+ r5 (4.14)fr =1+2 SL E
p
For the case of nonhomogeneous soils, E cAAr and E cAS should
be used instead of A and S.
r
Giger and Krizek's Analysis. Giger and Krizek (1976)
present a solution for the stability of a vertical cut with
a variable corner angle. The loading consists of the soil's
own weight plus a vertical concentrated surcharge load acting
in the vertical plane of symmetry at some variable distance
from the corner of the cut (Fig. 4.7a).
The solution is based on the "upper bound theorem of the
generalized theory of perfect plasticity" where the soil is
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a) PROBLEM DESCRIPTION
2.0
1.6
1.2
0.8
0.2 0.4 0.6 0.8 1.0
A/H
b) UNDRAINED STABILITY
CHARTS FOR A CORNER
ANGLE OF 1800
Figure 4.7 Giger's and Krizek's Analysis
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assumed to be perfectly plastic, and to obey the Coulomb
yield criterion and its associated flow rule (Chen, 1975).
Figure 4.7b presents the results for the case of a ver-
tical cut having a corner angle of 180* and $ = 0. The cri-
tical load ratio, pcr/cH 2 is plotted versus the normalized
edge distance, A/H for different values of the stability
number, N 
.
Table 4.2 summarizes all of the previously mentioned
methods, and Section 4.5 presents quantitative comparisons of
these methods.
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Table 4.2 Methods for Estimating the Undrained
Ultimate Pressure of Footings on Slopes
Assumptions and Regions
Kethod of Applicability Method of Analysis Summary of Method
1. Janbu 1. Two-dimensional solution Circular are analysis with FO - qN q (Eq. 4.1)
(1954) 2. Soil is homogeneous with the factor of safety defined q '+
an isotropic shear as the ratio between the
n shear strength and the sheartrength stress necessary for equili- S q' N are given in
3. The surcharge load is uni- brium along the critical Fig. 4.2
form, covers the whole sliding surface.
top of the slope, and of
infinite extent in the
horizontal direction i.e.,
A/N - 0 and B/H - -.
4. Applicable for all slope
angles, a and all values
of the stability number
N. Solutions are also
provided for cohesive
slopes underlain by a
rigid firm base.
2. Meyer- 1. Two-dimensional solution. 1. Solutions for small yH/c qcr/c - N(q. 4.4)
hof 2. Soil is homogeneous with values (foundation(1957) isotropic shear strength failures) are obtained em-
ploying an approximate N values for both failure modes
3. Uniform surcharge load. bearing capacity theory ubased on plasticity solu- are given in Fig. 4.3
4. Foundation failure solu- tions.
tions are valid for small 2. Solutions for the case of
values of yH/c (YH/c n 0) large yH/c and B/H - -
5. Slope failure solutions (slope failures) are ob-
through the toe or the tained by extending
base of the slope are Janbu's solutions pre-
valid for large values sented above.
of the stability number
YH/c and for wide founda-
tions i.e., B/H - -
6. Solutions are provided for
all S values
3. Bowles 1. Two-dimensional solution Sliding wedge analysis. q' /c - 2.243 +
(1975) 2. Interwedge forces are Failure surface is divided er 2(cos B + /3 A/B sin a)
horizontal into 3 wedges (see Fig. 4.4). sin i + cosSolution is achieved by
3. Valid for all 8, yH/c, A/H satisfying the vertical equi- yH 2L/
and B/H values librium of each wedge and the c H 4
4. Can take into account ir- overall horizontal equili-
regular slope geometries, brium of the entire sliding (1 - A/B)2 X
non-homogeneous soils and mass.
any loading conditions sin 8
sin B + cosS
(Eq. 4.5)
4. Modified 1. Two-dimensional solution Approximate bearing capacity Nc - (2 + (90 - 8) -0 +
Bowles 2. Soil is homogeneous with theory based on plasticity
(1977) an isotropic shear solutions. Comparing failure N
strength surface geometries for the 2A/B sin c)
case of no slope to that
3. Valid for a footing on a for the actual case, one can (Eq. 4.8)
weightless soil i.e., obtain adjusted bearing_
YH/c - 0 capacity coefficients, Nc
4. Valid for all 5, A/H and and N
B/H values
5. Brinch 1. Two-dimensional solution Circular arc analysis. The qcr/c - 5.52
Hansen 2. factor of safety is defined c
(1966) Soil is homogeneous with as the ratio of the resisting
an Isotropic shear moment to the disturbing mo-
strength ment due to gravity and sur-
3. Uniform surcharge charge loads
4. Valid for 6 - 0 (i.e., a
bearing capacity problem).
Hence, A, H, y are
irrevelevant.
6. 1. Three-dimensional solu- Circular arc analysis. q /c 5.52 (1 + 0.57 B/L )
tion. (Everything else is Failure surface is cylindrical
the same as for the two- with plane end surfaces. An (Eq. 4.10)
dimensional solution.) additional resisting moment is or in general
thus created by the end sur-
faces. F - F*(l + A /2 SL)
rp
(Eq. 4.14)
7. Giger 1. Three-dimensional solu- Limit analysis (Chen, 1975). See charts in Fig. 4.7.
and tion. The solution is based on the
Krizek 2. Valid for a concentrated "upper hound theorem of the
(1976) surcharge load. generalized theory of perfect
plasticity."
3. Valid for 8 - 90',
B/H - 0, all values of
A/H and VH/c.
4. The soil is assumed to be
perfectly plastic with a
mechanical behavior that
is completely specified
by the Coulomb yield cri-
teria and its associated
flow rule.
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4.3 PLANE STRAIN PROBLEMS
4.3.1 Vertical Line Loads of Infinite Extent
Fig. 4.1 shows a cohesive slope of height H making an
angle S with the horizontal. The clay possesses a total unit
weight y and a cohesion c. In addition to gravity forces,
the slope is subjected to an infinite line load of intensity
p0 which acts at an edge distance A from the crest of the
slope.
Using the circular arc method, Taylor (1937) analyzed
the stability of this slope due to gravity only, i.e., with no
surcharge. He assumed that the shear surface is a cylinder of
infinite length and that the mechanism of failure consists of
a rigid body rotation of the cylinder about its axis o-o
(z-axis, Fig. 4.1). For a unit length along the z-axis, the
driving moment, MO, and the resisting moment, MO, are given by:th e tn et rby
M = f (g) yH 3  (4.15)
MO = f (g) cH 2  (4.16)
r 2
where f (g) and f (g) are dimensionless functions of the
1 2
geometry of the slope and the shear surface. For a slope on
the verge of failure (a factor of safety equalling unity), the
resisting and driving moments are equal, and hence:
(yH/c) = F(g) (4.17)cr
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Taylor obtained values of the function F(g) for different
slope angles and concluded that for equal to or greater
than 530, the failure circle passes through the toe of the
slope. On the other hand, for 6 < 53*, a deep-seated failure
is more critical and extends to a depth which depends on the
bedrock location, as described by the parameter n in Fig. 4.1.
Table 4.3 summarizes Taylor's results.
For a slope subjected to a surcharge load, failure can
take place according to either of two modes: a) Bearing capa-
city, where the shear surface does not intersect the slope
and, therefore, is limited to the neighborhood of the load
(Bearing capacity theories for horizontal ground surfaces are
applicable to such modes of failure); and, b) Slope failure,
where the critical shear surface extends beyond the crest and
hence involves part of the slope. Note that these two classi-
fications are different from those used by Meyerhof (Section 4.2).
In the case of a line load, bearing capacity considerations
are meaningless because they lead to a zero value of the load.
Hence, following treatment of line loads only considers
slope failures.
The effect of a surcharge line load p0 on the overall sta-
bility of a slope was treated by the circular arc method, as in
the case of gravity alone. From consideration of equili-
brium of a unit length, along the z-axis, the resisting mo-
ment, M', is given by Eq. 4.16. whereas the driving moment,
r
Mis now given by:
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Table 4.3 Critical Values of Stability Number, (yH/C)cr, After Taylor (1937)
Slope
Angle, 6 90* 750 600 450 30 * 15*
Bedrock
Location, n* -- -- -- 1 00 1.5 1.25 1 0o 2 1
(see Fig. 4.1)
(-) 3.83 4.57 5.24 5.53 6.10 5.53 6.20 6.60 7.50 5.53 6.67 11.50
c cr
* for 6 | 60*, bedrock location is irrelevant, as most critical failure mode is a toe failure
(see Fig. 4.2).
0,
N)3
(4.18)MO = f (g) - yH3 + f (g) p0 - Ad 1 3
where f (g) is a dimensionless function of the geometry of
3
the slope and the shear surface. The critical load pcr re-
quired to cause failure (MO = MO) is thus given by:
p 0  f (g) - (yH/c) f (g)cr _ 2 1 (4.19)
cH f (g) - (A/H)
Since the rigid body rotation is a kinematically acceptable
mechanism of failure, one seeks a minimum upper-bound solution.
Contrary to the case of gravity only, which was considered
by Taylor, no analytic solutions were attempted and we ob-
tained a minimum value of pcr/cH by employing the two dimen-
sional option of the program STAB3D. We assumed different lo-
cations of the z-axis and different radii of the shear circle
and in each case computed the functions f , f and f in
1 2 3
order to determine the minimum value of the load pcr/cH.
Figure 4.8 presents the dependence of the critical load
ratio, pc /cH, on the normalized edge distance A/H for dif-
cr
ferent values of yH/c and for slope angles between 90 and 15
degrees. It also gives the values of (yH/c)cr which corres-
pond to Taylor's solution for slope failure due to its own
weight alone. The results for steep slopes (6 > 45*) show
that:
1. For small values of yH/c compared to (yH/c)cr'
p0 /cH increases linearly with A/H. This linearity basicallycr
means that for given values of a, y, c, and A, the critical
83
NeI - Homogeneous Slopes(n=l)
---- Shallow Bedrock4-
t=450 I2 -
0
( )cr
5.53
6.10
- 1 1 
-4
0.8
0.6
0.4
0.2
n
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
n
~ *
NORMALIZED EDGE DISTANCE , A/H
Figure 4.8 Stability Charts for Line Loads of Infinite Extent
0
0
0
0
O
.-J
-
1.
1.
1.
-54
load is independent of H if the slope has a high factor of
safety for self-weight only.
2. For large values of yH/c, the surcharge load is
small. In the limit, when yH/c equals (yH/c) r p0 /cHcr cr
equals zero.
3. For intermediate values of yH/c, three distinct
types of behavior can be depicted: a) when the load is near
the crest, i.e., A/H is small (< 0.3), the effect of gravity
is negligible and pcr is veryclose to the case of yH/c = 0;
b) for values of A/H between 0.3 and 0.8 to 0.9, gravity be-
comes important and decreases pcr/cH from the value given by
the yH/c = 0 envelope; and c) when the edge distance is large
(A/H > 0.8 - 0.9), po /cH increases with A/H because of a
cr
greater increase in the resisting moment. This is a result
of considering slope failures only, as discussed earlier. A
more complete treatment where bearing capacity is also con-
sidered, as in the following problem of a strip load, will
show that for large values of A/H, bearing capacity failures
become more critical than slope failures.
4. The effect of the slope inclination 6 can be seen
by comparing the results obtained for different values of 6.
For given values of yH/c and A/H, pcr/cH decreases as 6 in-
creases, i.e., the steeper the slope, the more important the
gravity effects, and, hence, the smaller the surcharge load
p 0 that can be supported by the slope. This decrease incr
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p0 /cH with 3 is also more pronounced for large values of yH/c.cr
For a flat slope (e.g., 6 < 30*), p0 /cH is significantlycr
affected by the location of the bedrock, as expressed by the
parameter, n. For a = 30* and yH/c = 6, Fig. 4.9 shows that
increasing the bedrock depth factor from n = 1 to n = 1.5
reduces the value of p0 /cH significantly (especially for
cr
values of A/H greater than about 0.2). Furthermore, for the
same value of n (e.g. n = 1), an increase of yH/c reduces the
corresponding value of p0 /cH.
cr
The location of the z-axis (center of the slip circle)
leading to the minimum value of p0 /cH depends on , yH/c
cr
and A/H. For steep slopes (a > 450) and large values of A/H
(> 0.3), the shear surface passes under the load and through
the toe, resulting in a slope failure. This is also true for
flatter slopes, except that in flatter slopes the z-axis falls
close to the vertical line passing through the mid point of
the slope, resulting in a deep-seated failure. As for smaller
values of A/H (< 0.3), the z-axis falls close to the load loca-
tion, indicating that a bearing capacity mode of failure is
more likely than a slope failure. We emphasize, however, that
only slope failures were considered, and hence centers falling
to the left of the line dividing the edge distance between
the load and the crest of the slope were not considered. We
found no significant dependence of the location of the z-axis
on the stability number yH/c.
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4.3.2 Uniform Vertical Strip Loads
The case of a strip load is similar to that of the line
load treated above, except that the pressure q0 is now
applied over a finite width, B (Fig. 4.1). This problem has
more practical applications because it includes both bearing
capacity and slope failures, and its results can be compared
with those available in the literature and presented in Sec-
tion 4.2.
Using the circular arc method of analysis, the moment equi-
librium of the sliding mass shows that Eq. 4.19 is valid if
we use:
q0 P /B (4.20)cr cr
Combining Eqs. 4.19 and 4.20, the normalized ultimate pressure,
qc /c is thus given by:
cr
H f (g) - f (g)
q /c~ 2 c 1 (4.21)
cr B (A/H) f (g)
3
In order to present the results of qcr/c obtained by the pro-
gram STAB3D in a comprehensive manner, we introduce the incre-
mental stability number, AyH/c, defined as:
AyH/c = (yH/c)cr - yH/c (4.22)
where the values of (yH/c)cr are given in Table 4.3. Small
values of AyH/c correspond to slopes which are close to
failure due to own weight only.
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Figure 4.10 gives values of qc /c as a function of the
cr
slope angle, B; the normalized edge distance A/H, normalized
width ratios, B/H of 0.25, 0.5 and 1; and values of AyH/c of
1 and 3. Based on this figure, we advance the following:
1. As in the case of an infinite line load, small values
of AyH/c (corresponding to large yH/c values) result in small
0ultimate pressures, qcr. In the limit, when AyH/c = 0,
qc /c is also equal to zero.
cr
2. For larger values of AyH/c (e.g. 3), and fixed values
of B and B/H, the variation of qc /c with A/H exhibits two
cr
types of behavior. For small values of A/H, a slope failure
takes place and qcr/c increases with A/H. Beyond a certain
edge distance, which depends on AyH/c, B and B/H, bearing capa-
city becomes more critical and qc /c equals 5.52 irrespective
cr
of AyH/c and A/H. This type of behavior was also reported by
Meyerhof (Fig. 4.3b). Note here that the curves for B/H = 1,
shown in Fig. 4.10, are still exhibiting the first type of
variation (an increase in qcr/c with A/H), up to the value of
A/H = 1 considered. The 5.52 value, obtained by the circular
arc method and reported by Brinch Hansen, is 7% higher than
the more accurate bearing capacity factor 5.14 derived from
plasticity theory (Prandtl, 1920).
3. For steep slopes and small values of AYH/c (e.g.
= 90* and AyH/c = 1), q0 /c first increases with A/H as incr
the case of large values of AyH/c described above. However,
when A/H is between 0.3 and 0.5 to 0.6, the gravity effects
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become important and the dependence of the surcharge load on
A/H becomes similar to that observed in the case of a line
load (see Fig. 4.8), i.e., decreases with A/H. For higher
values of A/H, the ratio of qcr/c increases with A/H and ap-
proaches the 5.52 limit.
4. For flat slopes (S < 150), the dependence of q0 /c on
cr
AyH/c, is not significant. On the other hand, the qcr/c values
are greatly affected by the bedrock location expressed by the
parameter n (not shown in Fig. 4.10).
5. The ultimate pressures in case of narrow strip loads
(B/H < 0.25) can be obtained by interpolation between the
values in Fig. 4.10 for B/H = 0.25 and the results for the line
loads (B/H = 0) in Figs. 4.8 and 4.9.
6. Similarly, for wide strip loads (B/H > 1), the ulti-
mate pressures can be obtained by interpolation between the
values in Fig. 4.10 for B/H = 1 and the results for the case of
a surcharge load of infinite width (B/H = c) given by Janbu
in Fig. 4.2.
7. Values of qc /c in Fig. 4.10 are obtained on the
cr
basis of the circular arc method of analysis. These results
represent upper bound solutions and are, therefore, expected to
overestimate qc . In the case of a footing on a horizontal
cr
surface, the circular arc method gives qcr/c = 5.52 instead of
the correct value of qc /c = 5.14 obtained from plasticitycr
theory (Prandtl, 1920), the error is 7%. In order to achieve
safe designs, we recommend that gr/c obtained from Fig. 4.10
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be reduced by 7% to compensate for the error introduced by
the circular arc method.
The location of the z-axis (center of the slip circle)
leading to the minimum value of qcr/c depends on 6 , AyH/c
(or yH/c), and A/H (as in the case of a line load), as well
as B/H. For fixed values of 3 , AyH/c and A/H, the value of
B/H will determine whether a bearing capacity, or a slope
failure will be encountered. For any values of AyH/c and 3,
large values of A/H and small values of B/H lead to bearing
capacity types of failures. The corresponding z-axis is lo-
cated above the right hand edge of the footing, and gives
qcr/c = 5.52. This result was also reported by Hansen (1966).
By increasing B/H, slope failures take place and qc /c is
cr
reduced from 5.52 to the values shown in Fig. 4.10. In
reference to the z-axis' location for slope failures, when
B/H increases from zero (line load) to unity, the center of the
slip circle moves to the right in an upward direction.
Finally, for the case of surcharge load located at small
distances (A/H ~ 0) from the crest of a steep slope (_3 > 450),
the critical failure surface tends to approach a plane with
the z-axis going to infinity. This plane has an inclination
of 450 and passes through the left hand edge of the strip
load.
92
4.4 THREE-DIMENSIONAL PROBLEMS
The stability of slopes subjected to loads of finite
length requires a three-dimensional analysis. Using the shear
surfaces and the formulation presented in Chapter 2, we consi-
der herein slopes with constant geometry and constant soil
properties along their axis. However, in this case, the cy-
linder length is taken equal to that of the loaded area
(22. = L , Fig. 4.11). The cone has a height, Z n, the
ellipsoid has a semiaxis, Ze , and the total length of failure
is equal to 2L.
The search for the critical shear surface is performed
along the same lines as in the plane strain analysis. We as-
sume the location of the z-axis, the value of Rmax, and the
height of the cone kn (or the ellipsoid, e ) and compute the
load required to cause failure. After several trials, where
all of these parameters are changed, the minimum value of the
load is obtained.
4.4.1 Line Loads of Finite Length
In the case of a line load of finite length, three-dimen-
sional end effects are expressed by the influence ratio f L de-
fined by the expression:
p = f p 0 (4.23)cr L cr
Given 3, yH/c and A/H, one can obtain the value of the
critical line load p0 acting along a length L by first deter-
cr p
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mining pr0 /cH from Fig. 4.8 and then evaluating f from the
cr L
plots presented in Fig. 4.12 for 0.5 < A/H < 1.1 and in Fig.
4.13 for 0.05 < A/H < 0.5. The results show that:
1. The magnitude of fL decreases with increasing L p/H
for fixed values of 3, YH/c and A/H. When L p/H is very large,
fL equals unity (plane strain conditions).
2. Three-dimensional effects can be significant. This
is illustrated by fL values in excess of 20. Moreover, the
largest fL values for a given geometry are associated with
slopes which are close to failure due to gravity alone, i.e.,
where YH/c is close to the critical value (YH/c)cr (see Table
4.3).
3. The case of a concentrated load, corresponding to
very small values of L /H, provides meaningless results.
The most critical condition for this case was found.to cor-
respond to a failure surface having zero area, i.e., a
bearing capacity type of failure with zero load.
4. For intermediate values of L /H, the magnitude of
fL is generally affected by 8, YH/c and A/H. For a given
slope angle 8, the value of fL increases with YH/c and A/H.
However, fL is not significantly dependent on the slope
angle for slopes having high factors of safety under gravity
forces, e.g., when YH/c is small compared to (YH/c) cr. Fur-
thermore, for values of A/H smaller than 0.5, fL is essentially
independent of both YH/c and 3 (Fig. 4.13).
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5. As in plane strain solutions, the location of bed-
rock, as expressed by the depth factor, n, affects the value
of the critical load causing failure of shallow slopes.
The shape of the shear surface (conical vs. ellipsoidal)
depends on the stability number, Ns, and on the normalized
edge distance A/H. For small values of N (e.g. < 2) and
values of A/H smaller than 0.5, we found the most critical
shear surfaces to be conical. Ellipsoidal shear surfaces are
more critical for larger values of Ns and A/H. However, the
critical load ratio is not significantly different for ellip-
soidal and conical shear surfaces (no more than 5 to 10%).
Three-dimensional effects influence the location of the
z-axis by moving the two-dimensional centers downward and in
the direction of the load. The amount of center displacement
depends mainly on the normalized length ratio, L /H.
4.4.2 Square Loaded Areas
Finally, we considered the problem of a loaded area of
length Lp and width B which is often encountered in practice.
In general, we can express the ultimate pressure, qcr' of a
footing located on the top of a slope as follows:
q /c = f(yH/c, 3, A/H, B/H, L /H, n) (4.24)
The uniform strip load problem (Section 4.3) corresponding to
one value of L /H (L /H = o), gives an indication of the effort
p p
and cost that would be required to develop stability charts for
all values of L p/H. Therefore, we decided to treat only the
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case of square loaded areas (L p/B = 1). This ratio has special
significance because it can closely approximate the case of
circular loaded areas frequently encountered.
Figure 4.14 presents the values of qcr/c for different
values of 6, B/H, A/H and AyH/c. The results show that:
1. Small values of AyH/c results in small surcharge
loads qcr/c. In the limit when AyH/c equals zero, the sur-
charge load also equals zero.
2. As in the case of a uniform strip load, the curves in
Fig. 4.14 exhibit two types of behavior. For small values of
A/H, q cr/c increases with increasing A/H, and failure includes
part of the slope. However, beyond a critical value of A/H,
which depends on 6, B/H, AyH/c, bearing capacity becomes more
critical, and qcr/c reaches a constant value of 8.64. This cor-
responds to a shear surface consisting of a cylinder with plane
end surfaces as reported by Brinch Hansen (1966). The end ef-
fects increase the bearing capacity by about 57% (8.64/5.52).
3. Three-dimensional effects can be significant, es-
pecially in slopes which are close to failure due to gravity
alone, i.e., where AyH/c is close to zero. As an illustra-
tion of end effects, let us consider a vertical cut ( = 90*)
with yH/c = 2.83 (AyH/c = 1) which supports a square loaded
area with a width ratio B/H = 0.5 located at an edge distance
ratio A/H = 0.5. A conventional plane strain analysis of this
slope (L /H = o) gives qc /c = 0.9 (see Fig. 4.10). Introdu-
p cr
cing end effects with L p/H = B/H = 0.5, Fig. 4.14 gives
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qcr/c = 5.60, i.e., three-dimensional effects increase the
critical pressure about 6 times.
4. For small values of A/H, q cr/c is significantly de-
pendent on the slope angle 5. When B/H = A/H = 0.5, and
AyH/c = 1, the effect of increasing S from 15* to 90* causes
a decrease in qcr/c from 8.64 to 5.60.
5. In flat slopes ( < 150), qcr/c is not significantly
affected by yH/c. However, q/cr is considerably influenced by
the location of bedrock, as described by the parameter n
(not shown in figure 4.14).
6. Values of qcr for narrow footings (B/H < 0.25) can
be estimated from pcr/B, where pcr is given by the line load
solutions in Fig. 4.8 and 4.12 (or 4.13). In such cases,
bearing capacity failures need to be checked separately.
7. Values of qcr determined herein are based on shear
surfaces of revolution (cylinders, cones and ellipsoids).
These results represent upper bound solutions and are, there-
fore, expected to overestimate qcr. In the case of a square
footing on a horizontal surface, we get qcr/c = 8.64. On the
basis of empirical observations, Skempton (1951) recommends
qcr/c = 6.2 for a square footing. Plasticity solutions for
a circular footing derived by Shield (1955) give qcr/c = 5.69.
Upper bound solutions for a square footing obtained by Shield
and Drucker (1953) give qcr/c = 5.71.
Hence, in order to achieve safe designs, we recommend
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that qcr/c obtained from Fig. 4.14 be reduced 30% to compensate
for the error introduced by using simple shear surfaces of
revolution.
As with the two-dimensional case, footings located at
small distances from the crest of steep slopes (B > 45*) pro-
duce planar failure surfaces. These planes are inclined at
450 and pass through the left hand edge of the loaded areas.
Finally, the comments mentioned earlier about the shapes
of the most critical failure surfaces (Section 4.4.1) and the
locations of the corresponding axes (z-axes) are also valid
here. For slopes with small Ns values subjected to loads
located at edge distances < 0.5 H, conical failure surfaces
are more critical than ellipsoidal. The inverse is true for
larger Ns and A/H values.
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4.5 METHODOLOGY EVALUATION
This section presents evaluations of the prediction
techniques mentioned in previous sections. We will look at
the advantages and disadvantages of each prediction method,
and pay particular attention to the assumptions used, the
regions of applicability, and the accuracy of predictions.
4.5.1 Evaluation of Two-Dimensional Methods
Janbu's method (1954) considers the case of a slope
subjected to a surcharge load of infinite extent in the hori-
zontal direction -- an assumption rarely encountered in actual
problems. Furthermore, the method is based on the circular
arc method of analysis, which, in case of a drained analysis
( $; 0), requires simplifying assumptions regarding the effec-
tive normal stress on the failure plane at failure in order
to achieve statical determinancy. Janbu adopts the assump-
tion of the ordinary method of slices (Fellenius, 1936). This
method was shown (Wright, 1969) to yield unreasonable values
of the factor of safety, which may in turn lead to inaccurate
estimates of the ultimate pressure p0 . Therefore, one should
cr
be cautious when using Janbu's method to compute the ultimate
drained pressure of footings on slopes. On the other hand,
Janbu's method is very simple to apply, and is capable of
taking the effect of a rigid layer at a certain depth below the
toe of the slope into consideration.
Meyerhof (1957) indicated in his analysis that the sta-
103
bility number, YII/c, governs the type of the failure mode
of foundations on slopes. Slopes with small YH/c values tend
to have a foundation failure, whereas slopes with large YH/c
values have an overall failure through the toe or the base
of the slope (see Fig. 4.3). Meyerhof solved the case of
slope failures for wide foundations (B/H = *) located at a
distance, A, from the crest of the slope. He achieved that
by extending Janbu's solutions presented in Fig. 4.2. Ob-
serving the bottom part of Fig. 4.3, one finds that a verti-
cal cut with Ns = 4 is capable of carrying an additional sur-
charge load. However, as Table 4.3 indicates, the most cri-
tical Ns value for a 90* slope is 3.83, beyond which the slope
fails due to gravity alone. Let us consider the following
example: a vertical cut of height H = 20 ft, a total unit
weight, Y = 100 pcf and an undrained shear strength,
su = 500 psf. Find the ultimate uniform load that can be
placed at a distance of 30 ft from the edge of the slope. The
input parameters needed for Meyerhof's charts (Fig. 4.3) are:
N = yH/c = 100 X 20 =N 500
A/H = = 1.520
Figure 4.3 shows that for Ns = 4, A/H = 1.5 and = 90*, the
ultimate pressure q0 = 0.6 x 500 = 300 psf. Let us then check
cr
the stability of this slope due to gravity alone, i.e.,
without the surcharge load. Using Fig. 4.2c of Janbu's charts
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one finds for a 8 = 90* that N = 3.83. Hence, the factor of
safety, F0 , is equal to 3.83/4 = 0.96 and the slope is unsafe
due to gravity forces alone, i.e., no surcharge loads can be
added. Therefore, Meyerhof's curve for 6 = 90* and yH/c of 4
should not be used. Furthermore, Meyerhof's charts do not
provide solutions for foundations with B/H < 1 resting on
slopes with large values of yH/c, i.e., near failure due to
gravity. Finally, Meyerhof does not detail how he extended
Janbu's solutions.
Bowles' method of analysis (1975) allows one to consider
such factors as irregular geometries, non-homogeneous soil con-
ditions, and nonuniform surcharge loads. Bowles achieves
statical determinancy by assuming that the interwedge forces
are horizontal, and determines an expression for the ultimate
pressure by satisfying the vertical equilibrium of each wedge
and the overall horizontal equilibrium of the entire sliding
mass. This assumption neglects the shear resistance along
the vertical boundaries between wedges, which may lead to un-
reasonable estimates of the ultimate surcharge pressure. An
improved technique would consider inclined interwedge forces.
The modified Bowles' method (1977) offers simplicity and can
therefore be used to indicate the ultimate pressure.
Brinch Hansen's solutions (1966) are approximate and,
difficult to assess and will not be used in the following dis-
cussions or comparisons.
In order to compare the different methods of analysis,
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we consider the following three examples which were chosen to
portray three different failure modes. The first represents a
slope with a small value of yH/c supporting a narrow footing
located at a small edge distance, A. The shear surface in such
a case intersects the slope in a position higher than its toe.
The second example is the same as the first, but the edge dis-
tance A is large enough to cause a bearing capacity failure.
The ultimate pressure in this case is independent of the slope
angle, 6, and the stability number, yH/c. The third example
considers a failure through the toe or the base of the slope
because yH/c is large and the footing is wide.
Table 4.4 shows the predictions obtained according to
different methods. It indicates that the method proposed
herein generally agrees with the other methods in their
range of applicability. However, as was mentioned in Sec-
tion 4 .3,a 7% reduction should be applied to all the re-
sults to compensate for the error introduced by the circular
arc method of analysis.
To summarize, the method we propose in this thesis com-
plements the existing design charts. For example, it pro-
vides solutions for the case of a foundation with B/H < 1
resting on a slope with a large yH/c value -- a condition one
is very likely to encounter, and one that Meyerhof's charts
fail to include.
4.5.2 Evaluation of Three-Dimensional Methods
Giger and Krizek (1976) attempted to solve the problem at
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Table 4.4 Comparison of Predictions According to Different Methods
Load Ultimate bearing pressure according to
Geometry characteristics Characteristics
Case Figure Bowles Janbu Meyerhof(3)
yH/c AyH/c A/H B/H 4.10(1) (1975) (1954) (1957)
90 0.83 3 0.1 0.25 2.5 3.36 N.A.(2) 3.20
1
45 2.53 3 0.1 0.25 4.0 3.79 N.A. 2.20
2 90 0.83 3 1.00 0.25 5.52 5.14 
N.A. 3.00
45 2.53 3 1.00 0.25 5.52 5.14 N.A. 2.65
3 90 2.83 1 0 1.00 0.60 
1.24 0.50 0.55
60 4.24 1 0 1.00 0.70 2.03 0.63 0.35
(i) Before the 7% reduction recommended for design
(2) Method not applicable
(3) Method is not clearly applicable to the author
H
0
hand in three dimensions. They considered the problem of a
vertical cut, with variable corner angle, subjected to a con-
centrated surcharge load. However, the following remarks are
in order regarding their method of analysis:
1. We found the case of a concentrated load treated in
their work (line load solutions with very small values of
L P/H) to yield meaningless results. The most critical con-
dition for this case corresponds to a failure surface having
zero area, i.e., a bearing capacity type of failure with zero
load.
2. Observing the results in Fig. 4.7b for the case of
a vertical cut with a corner angle of 1800, one finds that, for
the $ = 0 case, the maximum stability number on the design
chart is 4.52. Since the slope extends infinitely in the longi-
tudinal direction, and soil properties along the axis of the
slope are constant, one would expect a plane strain failure
due to gravity alone to take place at an N5 value of 3.83;
hence, the 4.52 value will never be reached.
3. More importantly, Giger and Krizek's method signifi-
cantly overestimates the values of the critical load needed to
cause undrained failures of vertical slopes. Figure 4.15 re-
produces their results for yH/c = 0 and 3. Figure 4.15 also
shows the results obtained by assuming a conical failure sur-
face with its axis at the crest of the slope and passing under
the load. This mode of failure is simple enough to have the
analytic solution presented in Fig. 4.16 but does not
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Figure 4.16 Concentrated Load Causing Failure of a Vertical
Cut in Frictionless Soil
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H
p
represent the most critical mode which gives the minimum value
of the concentrated load. Nevertheless, Fig. 4.15 shows that
the load pcr predicted on the basis of this simple solution
is much lower that that obtained by the complicated mechanism
used by Giger and Krizek, especially for small values of yH/c
and A/H.
As an illustration, they predict that for a vertical cut
of height H = 50 ft, in a clay having an undrained shear
strength, c = su = 1 tsf, and a total unit weight y = 110 pcf,
a drag line weight, pcr = 500 tons can be located as close as
A = 10 ft (A/H = 0.2) from the crest of the slope. On the
other hand, the simple analysis presented herein shows that pcr
in excess of 105 tons acting at A/H = 0.2 would cause failure
of the slope. Hence, Giger and Krizek's design charts should
be used with extreme caution.
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4.6 SUMMARY AND CONCLUSIONS
This chapter considers the undrained stability ($ = 0,
c = s ) of homogeneous slopes subjected to infinitely long
line and strip loads, as well as line loads of finite length
and square loaded areas.
Two-dimensional analysis is treated by means of the clas-
sical circular arc method. Slopes subjected to three-dimen-
sional loadings, are analyzed by the shear surfaces pre-
sented in Chapter 2 and shown in Fig. 4.11. The factor of
safety is defined as the ratio of the resisting moment, due to
the soil resistance along the shear surface, to the disturbing
moment due to gravity and surcharge loads. The critical
surcharge load, leading to a value of the factor of safety
equal to unity, is found numerically by means of the program
STAB3D. Results are presented in the form of charts suitable
for performing undrained stability analyses. The major con-
clusions advanced from this study are as follows:
1. The critical surcharge load to cause failure of a
cohesive slope of height H possessing a uniform strength, c,
and a unit weight, Y (Fig. 4.1) depends on six dimensionless
parameters grouped into two categories. The first describes
the slope and consists of the stability number, yH/c, the slope
angle 3, and the bedrock location expressed by the parameter
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n. The second set of parameters describes the load by means
of the width ratio, B/H, length ratio, L p/H, and the normalized
edge distance from the edge of the slope, A/H.
2. For a slope subjected to a surcharge load, failure
can take place according to one of two modes: a) Bearing
capacity, where the failure surface does not intersect the
slope (bearing capacity theories for horizontal ground surfaces
are applicable to such modes of failure); and, b) slope failure,
where the critical shear surface extends beyond the crest and
hence involves part of the slope.
This can be illustrated by observing Figs. 4.10 and 4.14.
For fixed values of 5 and B/H, the variation of the critical
load with the normalized edge distance exhibits two types of
behavior. For small values of A/H, a slope failure takes
place and the critical load increases with A/H. Beyond a
certain edge distance, which depends on yH/c, S and B/H,
bearing capacity becomes more important and the critical load
reaches a constant value irrespective of all other parameters
influencing the problem.
3. The stability number, yH/c, is a measure of the impor-
tance of gravity. Failure of a certain slope due to gravity
alone takes place when its yH/c is equal to the critical
value (yH/c) cr given in Table 4.3. The incremental stability
number, AyH/c ( = (yH/c)cr - YH/c), which vanishes for a
slope on the verge of failure due to gravity alone is, in some
cases, a more convenient indication of the gravity effects. In
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general, small values of AyH/c lead to small values of the
critical surcharge load (Figs. 4.10 and 4.14). This is parti-
cularly true for long loaded areas (L /H large) acting on
steep slopes (S > 45*).
4. The slope angle S is important in two aspects -- an
increase in S will decrease the value of (yH/c) and hence
cr
decreases the critical surcharge pressure. However, the use
of AyH/c instead of yH/c tend to reduce the importance of
S in this respect. Furthermore, as 5 increases, the failure
mode changes from base to toe failure. This reduces the arc
length of the shear surface leading to smaller surcharge
loads.
5. The bedrock location as described by the parameter n
affects the surcharge load on flat slopes which are close to
failure due to gravity alone (AyH/c is small). A shallow
bedrock (n small) prevents deep-seated failures from taking
place and thus increases the critical load.
6. The dimensions of the load are important in deter-
mining the failure mode: a - Large B/A values indicate that
slope, rather than bearing capacity failure is likely to take
place. If AyH/c is small and B/H is large, deep-seated
failures (base or toe failures) occur. However, if AyH/c is
large and B/H is small, a shallow slope failure is more prob-
able. b - When B/A is small, bearing capacity failure takes
place irrespective of the slope characteristics. The criti-
cal value of B/A beyond which bearing capacity failure occurs
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depends on 3, AyH/c and L /H.
p
7. Results for lines loads show that three-dimensional
effects become significant whenever L P/H is less than unity
and are especially important when the factor of safety of the'
slope due to own weight only is close to unity (AyH/c ~ 0).
For many practical situations, three-dimensional effects would
increase the plane strain critical load by a factor of 5 to 10.
8. The shape of the three-dimensional failure sur-
face (conical vs. ellipsoidal) depends on yH/c and A/H. For
small values of yH/c (< 2) and values of A/H smal.ler than
0.5, we found the most critical shear surfaces to be conical.
Ellipsoidal shear surfaces are more critical for larger
values of yH/c and A/H. However, the critical load is not
significantly different for ellipoidal and conical shear
surfaces (no more than 5 to 10%).
9. Values of the critical load determined herein are
based on shear surfaces of revolution (cylinders, cones and
ellipses). These results represent upper bound solutions and
are, therefore, expected to overestimate the critical load.
Hence, in order to achieve safe designs, we recommend that cri-
tical load values obtained from Fig. 4.10 be reduced 7% and
those obtained from Fig. 4.14 be reduced 30%.
Finally, a flow chart, showing the use of the design
charts presented in this chanter to predict the ultimate load
causing failure of a cohesive slope, is presented in Fig. 4.17.
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Determino the slope charavteristies; y, e, H, 0 And n
Determine the load chAracteristiesj A, 3 and L
Compute the design parameters, 0, yH/c, A/H, B/H
and L/H
Determine (yH/c)cr for slope failure due to own weight
only from Table 4.3 (or Janbu's results in Fig.4.2c)
Compute AYH/c -
(YH/c)cr - (YH/c)
B/H < 0.25 5 B/H c. B/H > 1
b. 0.25 < B/H < 1
For B/H < 0.25, choose qcr on the basis of 7a, 6b and 7b
8 For B/H > 1, choose qcr on the basis of 6c, 6b and 7b*
For 0.25 < B/H < 1. interpolate between 6b and 7b*
Notes:
* Values of f obtained in 7a may he useful in interpolarion
Figure 4.17 Prediction Method for the Ultimate
Surcharge Load
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CHAPTER 5
UNDRAINED STABILITY OF HOMOGENEOUS SLOPES
WITH ANISOTROPIC STRENGTH
Anisotropy of the undrained shear strength denotes the
dependence of su on the principal directions at failure,
Fig. 5.1. When a sample is tested with the major principal
stress at failurea fis either in the vertical or horizon-
tal directions, the measured shear strength is designated by
su(V) or s (H), respectively. When the major principal stress
at failure makes an angle i with the vertical, the strength
is denoted by s u(i).
Ladd et al. (1977) interpret the undrained shear strength
anisotropy, in terms of:
(1) Inherent Anisotropy - This component of strength
anisotropy is a direct result of the in situ soil structure.
During one-dimensional deposition and subsequent loading, par-
ticles tend to become oriented in the horizontal direction.
This preferred particle orientation causes an inherent aniso-
tropy in the undrained shear strength as well as other soil
properties. Inherent anisotropy also occurs if the material
is layered (non-homogeneous). One example of this type of
anisotropy is with varved clays consisting of alternating
layers of "silt" and "clay."
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yFigure 5.1 A Soil Sample Loaded with a1 Making
an angle i with the Vertical
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(2) Stress System Induced Anisotropy - Soils can exhi-
bit a stress system induced anisotropy whenever the coeffi-
cient of earth pressure at rest, K0 , is not equal to unity.
This results from the fact that different increments of shear
stress are required to produce failure as the major principal
stress at failure, a , varies between the vertical and hori-
zontal directions.
(3) Combined Anisotropy - Combined anisotropy includes
the total effects of inherent and stress system induced aniso-
tropy.
Sambhandharaksa (1977) presented an excellent review of
different means of measuring the undrained shear strength ani-
sotropy. According to Sambhandharaksa, two approaches are
used to measure strength anisotropy of clays in the laboratory.
The first consists of testing samples at different orientation
(with respect to the in situ vertical axis) using the uncon-
solidated-undrained triaxial compression test, UUC. However,
sample disturbance tends to mask the anisotropic effects mea-
sured in the UUC tests for nonlayered (homogeneous) clays, and
may increase them for layered soils. Furthermore, in the UUC
tests, shear starts from an isotropic state of stress, and
hence, the measured anisotropy does not include the stress
system effect. Therefore, UUC tests give, at best, a crude es-
timate of strength anisotropy.
The second approach uses consolidated-undrained tests, CU.
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In order to reduce the effect of sample disturbance, and in-
clude the stress system effect, the sample is reconsolidated
before shearing under a system of stresses simulating the
field conditions. With the current testing capabilities, s (i)
can be measured for i = 0* (plane strain or triaxial compres-
sion), i = 90* (plane strain or triaxial extension) and i = 30*-
45* (direct simple shear). However, it should be noted that
triaxial compression, direct simple shear and triaxial exten-
sion tests have different values of the intermediate principal
stress (in triaxial compression, a2 = 03 ; in direct simple
shear, a1 > a2 > 03; and, in triaxial extension, a2 = 1 ).
Therefore, results of these tests cannot be used directly to
obtain the in situ directional variation of s unless the data
are corrected for the estimated effect of this factor.
The variation of the undrained shear strength with load-
ing direction of several normally consolidated clays is pre-
sented in Table 5.1. The data were obtained from Ko - consoli-
dated-undrained plane strain compression, direct simple shear
and plane strain extension tests, CK UPSC, CK0UDSS and CK UPSE,
respectively (Ladd et al., 1977). The data show that, for the
first five soils, s decreases progressively as a f moves from
the vertical to the horizontal direction with the reduction
being largest with lean sensitive clays. For example, s (V)/
avc for Portsmouth Clay is more than twice the value of s u(H)/
vc. For varved clay (soil No. 6 in Table 5.1), s u(DSS)/ovc is
significantly lower than both su ( vc and s (H)/a vc. In sum-
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Table 5.1 Undrained Strength Anisotropy of Normally Consolidated
(from Ladd et al., 1977)
Clays*
Index Properties S Ks b/a =
(2) (3) **(4) (5) (5) (4)
Type of Soil k P.I. L.I. PSC DSS PSE (3) i(3) x (5)(%) (%)
Portsmouth Clay 35 15 1.8 0.350 0.200 0.155 0.44 0.86
Haney Sensitive Clay 44 18 0.75 0.296 0.211 0.71
Boston Blue Clay 41 21 0.81 0.340 0.200 0.190 0.56 0.79
AGS CH Clay 71 40 0.370 0.250 0.220 0.59 0.88
San Francisco Bay Mud 88 45 1.04 0.370 0.250 0.280 0.76 0.78
Connecticut Valley
Varved Clay 35-65 12-39 1.00 0.280 0.165 0.255 0.91 0.62
* From CK U plane strain tests with ave
(1) su = qf = 0.5(a - a 3 )f except for
(3) plane strain compression
** Assuming su(DSS) = su(45*)
> (1.5 to 2) x a
DSS where s ~ h )max
(4) direct simple shear
w -w
' w -w£ p
(5) plane strain extension
IV" 1W MW W W
mary, Table 5.1 shows that undrained shear strength of clays
is highly dependent on the direction of loading.
In slope stability problems, the state of stress varies
significantly along potential failure surfaces. Near the
top of the slope, the direction of the major principal stress,
a,, is nearly vertical (Fig. 5.2), whereas near the toe, a1 acts
in an almost horizontal direction. Hence, the use of s (V) in
the design of slopes in anisotropic soils will, undoubtedly,
lead to unsafe designs. This chapter reviews existing models
of undrained strength anisotropy for clays and, based on the
model proposed by Davis and Christian (1971), evaluates the
effect of anisotropy on the two- and three-dimensional un-
drained stability of homogeneous slopes.
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Figure 5.2 State of Stress Along a Typical
Failure Circle
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5.1 STRENGTH ANISOTROPY MODELS
Mathematical models describing the undrained shear
strength anisotropy of clays were proposed by a number of in-
vestigators.
Casagrande and Carillo (1944) suggested the expression
s i) = s (H) + [s (V) - s (H)] cos2i (5.1)
without experimental justification. Most of the subsequent
work on the stability of slopes with anisotropic strength
(e.g. Lo, 1965 and Chen et al., 1975) is based on Eq. 5.1.
Bishop (1966) proposed a modification of the Casagrande-Carillo
equation:
s u(i) = s u(V) (1 - tisin 2i) (1 - t 2sin 2 2i) (5.2)
to fit UUC test data on London clay. The parameters s u(V)
ti and t2 are determined experimentally. Bishop suggested the
use of s u(V), s u(H) and s (45) for establishing these param-
eters.
Ranganatham and Matthai(1967) expressed the shear strength
along a plane inclined at an angle e to the horizontal, sue'
in terms of the shear strengths on horizontal and vertical
failure planes, suh and suv, respectively. This relationship
is given by
Sue = suh (cos2 e + r1 sin 20) (5.3)
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where r = (5.4)
5uh
Since Eq. 5.3 involves shear strengths on predetermined fail-
ure planes, Ranganatham and Matthai(1967) recommended the use
of the direct shear test to determine suv and suh* In a sub-
sequent article, Ranganatham et al. (1969) present experimen-
tal data from direct shear tests on one soil (clay concentra-
ted black cotton soil with w. = 224% and w = 70%), which
agree with Eq. 5.3. However, direct shear tests may not give
a true measure of strength anisotropy due to the problem of
partial drainage encountered in these tests (see Ladd, 1971
for details). According to Ladd (1971), partial drainage will
reduce the undrained shear strength, su, for overconsolidated
clays and increase it for normally consolidated clays. This
may, in turn, have an effect on the directional variation of
su
u
Scott (1963) recommended the criterion initially proposed
by Hill (1950) for anisotropic yielding of metals to be used
for clays:
a -a 2 2
2 + Tx = a
2  (5.5)
2 b x
where,
ay ,a and Txy = total stress components in the
(x,y)plane
a and b = material constants to be measured
by means of laboratory tests.
*
The most common way to prevent drainage is to vary the
normal load to keep a constant height of the sample, and thus
maintain a constant volume.
125
According to Eq. 5.5, the value of qf = s = 0.5 (a1 - a3 ) at
yielding is given by:
s (i) = a[l - (1 -a sin 2 2i] 1/2 (5.6)
u b 2
Equation 5.6 describes an ellipse when plotted in polar coor-
dinates (r, Q), with r = s and 0 = 2i (Fig. 5.3). Further-
more, Eq. 5.6 shows that a and b are the values of s for i=0
and 45 degrees, respectively, and that for i=0 and 90 degrees,
s is the same. This means that Eq. 5.6 predicts that s (v) =
s (H) and thus contradicts the experimental results given in
Table 5.1.
To introduce differences between s (V) and s (H), Davis and
Christian (1971) modified Hill's yield criterion and proposed
the more general expression:
a - s (V) a - s (H)- 2 2
y- x u +a 2 - 2 (571 +- T = (5.7)
L 2 2 - b xy
in which:
s (V) and s u(H) = the undrained shear strength
in compression in the vertical
and horizontal directions, re-
spectively,
a and b = constants to be determined ex-
perimentally.
Equation (5.7) reduces to Eq. (5.5) when su (V) = s u(H), and
predicts that the value of su = 0.5(a 1 - G3 ) is given by
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H
a sU(V) - su( H)
b - s ,(45*) 
-1/2
sgUi) a 1- (l- o/b ) sin2 2id
Hill's Model
a a 0.50 su (V+ su(H
b/oc s (45*)
/s- (V -su (H)'
e c I - Ks
I + Ks
d - I- (b/of
K- s M(H)
su(V
su Mw a(i-d)e-cos2i+oAI I-dcos2 2i-e sin2 i
Davis and
Figure 5.3
( I-d-cos 2i)
Christian's Model
Elliptic Strength Plots
s (i) = [a(1-d) e-cos 2i +
a ,/F- / 1-d cos 2 2i-e 2 sin 2 2i]/[l-d cos 2i] (5.8)
where d = 1 - b 2 /a 2  (5.9)
_s (V) -s (H) 1 - K
e = u u s (5.10)
S u(V) + S u(H) 1 + K S
s(H)
K = u (H) (5.11)
s s (V)
u
In polar coordinates (r = su and Q = 2i), Eq. 5.8 describes
an ellipse with principal axes equal to a and b (Fig. 5.3).
This ellipse is similar to the one in Fig. 5.3, which is based
on Hill's criterion, except that the origin for su is now
shifted horizontally a distance "e.a". From the geometry of
the ellipse, the following relationships can be obtained:
b/a = s u(45) (5.12)
(V) 
- Su(H)
and a = 0.5[su (V) + su (H)] (5.13)
Davis and Christian (1971) presented an extensive amount of
UUC test results on several soils where s was measured for at
least four values of i. These data indicated that:
1. The Casagrande-Carillo model is reasonably good when
b nearly equals a. However, for soils in which b and a are dif-
ferent, this model introduces significant errors.
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2. The two models proposed by Bishop and by Davis and
Christian provide equally acceptable predictions. Since the
two models require the same experimental data to determine the
necessary soil parameters, and since the Davis and Christian
model offers the added advantage of allowing simple plasticity
solutions to be obtained, slope stability analysis in aniso-
tropic soils were performed on the basis of this model. Figure
5.4 shows the variation of s u(i) vs i, according to the mod-
els described above, for the Portsmouth Clay and the Connecti-
cut Valley Varved Clay in Table 5.1.
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(EQ. 5.1)
---- BISHOP (EQ. 5.2) DAVIS B CHRISTIAN (EQ. 5.8)
DATA FROM LADD et 01(1977)
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Figure 5.4 Strength as a Function of Orientation for
Two Normally Consolidated Clays
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5.2 TWO-DIMENSIONAL ANALYSIS OF HOMOGENEOUS SLOPES
Lo (1965) and Chen et al. (1975) presented design charts
for performing stability analyses of slopes in anisotropic
soils. Their solutions are based on the Casagrande-Carillo
strength anisotropy model (Eq. 5.1) and were obtained for homo-
geneous as well as nonhomogeneous (strength increasing linearly
with depth) soils. The charts developed by Chen et al. (1975)
are based on the "upper bound theorem of the generalized the-
ory of perfect plasticity" where the soil is assumed to be per-
fectly plastic, and to obey the Coulomb yield criterion and its
associated flow rule (Chen, 1975). Charts by Lo (1965) are
based on the conventional limit equilibrium method of slope
stability analysis where the factor of safety against a slope
failure is defined as the ratio of the resisting to the dis-
turbing moment. The solutions presented herein are based on
limit equilibrium methods and apply to the toe failure of homo-
geneous slopes with an anisotropic strength described by the
Davis and Christian model (Eq. 5.8).
Figure 5.5 shows a cohesive slope of height H making an
angle 6 with the horizontal and fails along the circular arc
LM. The clay possesses a total unit weight, y, and its
strength characteristics are described by su (V), K and b/a.
At any point along the arc LM, the outward normal is n, the
major principal stress is a if' the angle between n and the
vertical is e, the angle between the direction of cy1f and the
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HE if-
Figure 5.5 Definition of Geometric Parameters of a Typical
Failure Circle
vertical is i, and the angle between n and the direction of
af is f, i.e.,
i=f - e (5.14)
Based on the results of about 170 and 500 unconfined compres-
sion tests on London and Welland Clay, respectively, Lo (1965)
concluded that the angle f is independent of the orientation
of a and has an average value of about 560 for the two soils
mentioned above. Using Eq. 5.14 and, based on Lo's results,
the angle i at any point along the circular arc can thus be
computed. The undrained shear strength, su (i), can then be
estimated from Eq. 5.8.
For the case of a toe failure, the plane strain disturbing
0
moment, Md, is given by (see Taylor, 1937):
M = [1 - 2 cot 33 + 3 cot j cot +
*d 12
3 cot h cot j - 3 cot h cot g] (5.15)
where the angles j and h are given in Fig. 5.5.
Writing that
Y = 1 - 2 cot3s + 3 cot j cot +
3 cot h cot j - 3 cot h cot e (5.16)
Then,
y3
MO = Y (5.17)d 12
The plane strain resisting moment, MO, is given by:
M
M f R2 c(e) de (5.18)
r L max
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Combining Eqs. 5.8, 5.11, 5.13, 5.14 and 5.18 and noting
that
R = .H. .(5.19),
max = 2 sin j sin h
MO can be written as follows:
r
2
H s (V) (1 + K ) M
Mr = u c (O) d6(5. 20)
r 8 sin 2 j sin 2h L a
Writing that
Z (5.21)
sin 2j sin 2h
Then:
H 2S (V) (1 + K(
MG = u Z (5.22)
r 8Z
Hence, the plane strain factor of safety is given by:
MO
F0 - - (5.23)
Md
s (V)
- u X (5.24)
yH
where,
X = (1 + K) (5.25)
The minimum factor of safety can be obtained by minimizing X
with respect to j and h such that:
= 0 = 0 (5.26)
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Hence, the minimum value of X is a function of a, f, Ks and
b/a. Given values of f, Ks and b/a, X is thus a function of
S only. Calculations were carried out for f = 550 and differ-
ent values of b/a, Ks and a.
The dependence of X on the slope angle 5 for three values
of b/a (1, 0.75 and 0.5) and three values of Ks (1, 0.75 and
0.5) is shown in Fig. 5.6 where we note that:
1. The case of slopes with isotropic strength is given by
the curve with b/a = Ks = 1. This curve is identical to the
one given by Taylor (1937) for toe failuresof slopes with homo-
geneous isotropic strength.
2. For the same value of s u(V)/yH, the plane strain fac-
tor of safety, F0 , is greatly affected by strength anisotropy.
This can be illustrated by the decrease in F0 due to a decrease
in the anisotropy parameters, b/a and K s. This reduction be-
comes very significant as the slope angle, 5, decreases.
3. When b/a = 1, the results in Fig. 5.6 agree reasonably
well with results obtained by Lo (1965) for toe failures of
homogeneous slopes with an anisotropic strength described by
the Casagrande-Carillo model (Eq. 5.1). With lower values
of b/a, the results in Fig. 5.6 are totally different from
Lo's results. This result was expected, since the two strength
models (Eqs. 5.1 and 5.8) predict similar anisotropic strengths
when b nearly equals a, but widely different strengths when b
is different from a.
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Effect of Strength Anisotropy on the Toe Failure of Homogeneous Slopes
6
5
x 4
osJ
3
2
Figure 5.,6
Chen et al. (1975) provide solutions, based on the limit
analysis method, for the stability of slopes in c and $ soils,
where the cohesion c can be nonhomogeneous (linearly increas-
ing with depth) and anisotropic. The directional variation
of c is described by the Casagrande-Carillo model (Eq. 5.1)
and the angle f (Eq. 5.14) was taken equal to:
f = 45 + (5.27)
According to Chen et al. (1975), a good agreement exists be-
tween their solutions and Lo's results if f is taken equal to
550 and $ is set equal to zero.
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5.3 THREE-DIMENSIONAL ANALYSIS OF HOMOGENEOUS SLOPES
In order to evaluate the effects of the strength aniso-
tropy on the three-dimensional stability of slopes, the follow-
ing two assumptions are made:
1. The clay is transversely isotropic where su de-
pends only on the inclination i of aif to the vertical direc-
tion. This is illustrated in Fig. 5.7, which shows a surface
of revolution describing the directional variation of s . The
vector joining the origin to any point on this surface is in
the direction of aif (and, therefore, is inclined by an angle
i to the vertical) and its magnitude is s u. For example, the
two samples A and B in Fig. 5.7 will have the same shear
strength even though they are differently inclined with re-
*
spect to the x and z axes.
This assumption is considered reasonable in view of the
method of deposition, erosion, ... etc. of most clays where
the only preferred direction is vertical. Furthermore, it
allows the anisotropic strength models discussed earlier to be
applied to three-dimensional states of stress.
2. The direction of af at any point on the shear surface
lies in the plane described by the outward normal, n, and the
vertical direction. This implies that:
i = f - T (5.28)
* This model does not take into consideration the orientation
of the minor principal stress at failure, nor the magnitude of the
intermediate principal stress at failure.
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Figure 5.7 Definition of Strength Variation with Direction
in Three-Dimensional Problems
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where: f = angle between outward normal and the direction of
a f As discussed earlier, f is relatively con-
stant and equal to 550.
6 = angle between the outward normal and the vertical
direction.
For fixed values of f and T, this assumption yields a mini-
mum value of i. The validity of this assumption is difficult
to evaluate, but its importance on the three-dimensional ef-
fects can be estimated by means of parametric studies.
In order to estimate T, consider the shear surface shown
in Fig. 5.8. The outward normal, n, at any point is given by
cos p sin e
S= COS p cose (5.29)
sin p
where P is the angle between the plane tangent to the shear
surface and the z-axis. Hence, e is given by:
e = cos~ (cos ecos p) (5.30)
When p = 0, the problem becomes two-dimensional, Eq. 5.30
gives = 0, and Eq. 5.30 reduces to Eq. 5.14. Knowing i, the
corresponding value of su can then be obtained from Eq. 5.8.
The effect of the strength anisotropy on the three-dimen-
sional factor of safety, F, was evaluated for the vertical cut
in Fig. 3.1. The z-axis is taken at the crest of the cut and
the cylinder passes through the toe, i.e., Rmax = H. Analysis
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Figure 5.8 Definition of Geometric Parameters of a Typical Three-
Dimensional Failure Surface
pe axis)
s
was performed for the shear surfaces consisting of cones
attached to cylinders by means of the computer program STAB3D.
The results are shown in Fig. 5.9 where the end effects, ex-
pressed by the ratio F/F0 , are plotted versus the normalized
failure length 2L/H for different values of the strength aniso-
tropy parameters Ks and b/a. From this figure, it can be seen
that the end effects (F/F0 ratio) are not significantly affec-
ted by the anisotropy of the shear strength. F/F0 vs. 2L/H
curve for the isotropic soil (dotted curve) is very close to
the one for anisotropic soil given by b/a = K = 0.5. But,
as was shown in Fig. 5.6, the plane strain factor of safety is
greatly affected by the anisotropic behavior of the soil.
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Figure 5.9 End Effects on the Stability of a Vertical
Cut with Anisotropic Strength
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5.4 SUMMARY AND CONCLUSIONS
Clays often exhibit a significant anisotropy in their un-
drained shear strength, Ladd et al. (1977). Results of slope
stability analyses based on the Davis and Christian (1971)
model for strength anisotropy show that:
1. The plane strain factor of safety, F0 , can be signif-
icantly affected by the strength anisotropy. This effect be-
comes more pronounced when the anisotropy parameters b/a and
K , as well as the slope angle 8 decrease. For the case of a
vertical cut in an anisotropic soil with Ks = b/a = 0.5, Fig.
5.6 shows that analysis based on su (V) will overestimate the
factor of safety by about 45%. However, this error can be
reduced to 8% when the average strength, (0.5[s (V) + su (H)])
is used.
2. End effects (F/F0 ) are not significantly affected by
strength anisotropy. The curves of F/F0 vs 2L/DR for slopes
with isotropic (K = b/a = 1) and anisotropic (K = b/a = 0.5)
strengths are very similar.
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CHAPTER 6
DRAINED STABILITY OF HOMOGENEOUS SLOPES
The total stress undrained ($ = 0 and c = s u) stability
analysis of slopes discussed in previous chapters applies when
the shear strength of the soil is independent of the normal
stress along the failure surface. This chapter considers the
drained stability of slopes where the shear strength is related
to the normal effective stress by the Mohr-Coulomb criterion
in Eq. 2.3. In such cases, the stability problem is statically
indeterminate and the normal effective stresses along the
shear surface must be assumed in order to estimate the safety
factor of a slope by means of limiting equilibrium techniques.
Methods of slope stability analyses for frictional soils
in common use. divide the slope into slices and assume the
effective normal stress, aN' at the base of each slice. Most
of these methods assume -N in terms of the vertical overbur-
den stress, aYv, and the pore pressures. Various workers assume
different relationships between -N and a v which lead to dif-
ferent estimates of the factor of safety.
In two-dimensional slope stability analysis, it can be
shown that, when n slices are used, (5n - 2) unknowns
must be determined from (3n) equilibrium conditions and the
problem is,therefore,(2n - 2) statically indeterminate, i.e.,
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(2n - 2) assumptions are required. A general extension of the
method of slices to three dimensions requires additional sim-
plifying assumptions tc achieve statical determinancy. This
is illustrated in Fig. 6.1 by a prismatic slope where the
sliding soil mass is divided by vertical planes into m seg-
ments along the slope (the z-axis), and n segments in the
transverse direction (the x-axis). When the soil mass con-
sists of m x n slices*, Steiner (1977) showed that [1 + 11 mn
- 6(m + n)] assumptions are needed. Simplifying assumptions
represent the source of disagreement between existing methods
of plane strain analysis, and will, undoubtedly, be more con-
troversial in three dimensions. Therefore, three dimensional
extensions of the general method of slices was avoided herein
in favor of simplified procedures which are aimed at estima-
ting "reasonable" bounds for the normal effective stress, ON
on the shear surface.
In this chapter, we consider two methods for the drained
analysis of slopes. The assumptions used by each method to
estimate the normal stress on the shear surface (in two and
three dimensions) are emphasized. The effect of these assump-
tions on the two and three-dimensional factors of safety are
then evaluated by means of solutions obtained for homo-
geneous slopes.
* The actual number of slices depends on the geometry of
the shear surface, and is generally less than m x n.
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Figure 6.1 Three-Dimensional Failure of a Prismatic Slope
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6.1 THE ORDINARY METHOD OF SLICES
The Ordinary Method of Slices (OMS), introduced by
Fellenius in 1936, represents one of the earliest methods of
two-dimensional slope stability analyses. The method basically
assumes no interslice forces.* The effective normal force at
the base of each slice, K, is obtained from the equilibrium con-
dition in the normal direction to the base of the slice,
i.e.,
N = W cos 6 - udk (6.1)
where
W = total weight of slice per unit thickness along the
z-axis
e = inclination of the base of the slice
u = pore pressure at the base of the slice
dk = base length of the slice
The effective normal stress acting on the base of the slice,
aN , is thus given by:
-- N _ N (6.2)
and the total vertical stress resulting from the weight of the
slice is equal to:
*An equivalent assumption is to consider the interslice
resultant force parallel to the base of the slice, Bishop, 1955.
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CF Wa = -
v dx
(6.3)
Substituting from Eqs. 6.2 and 6.3 into 6.1, and noting that:
dx = dk cos e (6.4)
the relationship between a N and av can be established:
2- Ua N = aF Cos 0 (6.5)
Introducing the pore pressure ratio (Bishop and Morgenstern,
1961)
(6.6),ru = u
u
a
Eq. 6.5 can be rewritten in the form:
a N = a v(cos 2 - r) (6.7)
At failure, the shear force at the base of each slice, dF,
can be found by combining the Mohr-Coulomb criterion in Eq. 2.3
with Eqs. 6.3, 6.4 and 6.7:
(6.8)dF = cdk + W (cos 2 e - r ) tan
cosO u
Hence, the resisting moment in a circular arc plane strain
analysis is given by:
n
M = E[6dZ + W (cos 2 0 - r ) tan j] - R
r + cosr ut max
(6.9)
where Rm
max
is the radius of the cylindrical shear surface.
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Since the plane strain disturbing moment is:
n
MO = Z W - sin 6 - R (6.10)d 1 max
The plane strain factor of safety, F0 , in a circular arc
analysis is thus given by:
n WE[cdk + (cos2 6 - r ) tan T]
i cos 6 u
F0  - (6.11)
Z W sin e
1
In extending the OMS to three dimensions, we assume that
the interslice forces acting on the x - y faces are also equal
to zero, Fig. 6.1. Hence, equilibrium in the normal direction
to the base of the slice requires:
N = W - dz - cos e - cos p - u * dA (6.12)
where:
p = angle between the tangent plane to the base of the
slice and the z-axis (see Fig. 5.8)
dz = thickness of the slice in the z direction
dA = area of the base of the slice
= dt - dS (see Eq. 2.8)
dS
= dk - - - dz (6.13)
dz
The three-dimensional factor of safety, F, is thus given by:
m n dS W ds
F = E E[cdk - - - dz + (cos2 e - cos p - r -) x
dz cos e u dz
m n
dz tan T3]/E E W - dz - sin e (6.14)
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Figure 6.2 Influence of Base Inclination of Slices in Two-
Dimensional Slope Stability Analysis
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6.2 THE M.I.T. METHOD
In 1957, the Maine State Highway Commission developed a
method for the plane strain analysis of slopes. The method
assumes that the overburden stress, a , equals the major prin-
cipal stress at failure, alf, i.e., the soil is in an active
state. The effective stress normal to the base of a slice
making an angle e with the horizontal (Fig. 6.2) is thus
given by:
a N = (a - u) (cos2 e + sin 2  _ 2c sin 2 0 (6.15)
v N N
where
N = 1 + sin _ - tan 2 (45 + T/2) (6.16)
1 - sin$
At M.I.T., Ladd (1970) modified the Maine State Highway
method by using Eq. 6.15 only when 0 > 0, Fig. 6.2, and by
assuming that av equals the minor principal stress at failure,
a af, when 0 < 0. Therefore, the MIT method assumes that the
soil is in an active state when 0 > 0 and in a passive state
when 0 < 0, i.e.,
C = (a - u) (cos 2 6 + N sin 2 0) + 2- /N~ sin2 0N v$
for 0 < 0 (6.17)
Equation 6.15 predicts negative (tensile)rormal stresses for
large positive values of 6 and c. Since this result appears un-
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reasonable, especially in drained analyses, we modified the
MIT method further by taking the minimum values of GN to be
equal to zero.
From Eqs. 6.15 and 6.17, and according to the Mohr-
Coulomb yield criterion in Eq. 2.3, the MIT method estimates
the shear force at the base of a slice, dF,to be:
W 2c
dF = cdk + [ (1 - r U) Xa - - * dZ - sin 2 e] tan $
cos 0 u a
for e > 0 (6.18)
and
W
dF = cdt + [ (1 - r ) X + 2c/N - dk - sin 2 0] tan 4
cos u p
for e < 0 (6.19)
where:
sin 2 o
Xa = cos 2 e + (6.20),
N,
and
X = cos 2 0 + N sin 2 0 (6.21)
P
The plane strain factor of safety is thus given by:
n n (6.22)
F 0 = Z dF/E W sin 0
1 1
It is important to note that, by assuming the principal
direction at failure to be vertical, the MIT method over-
estimates the shear strength on the base of the slice compared
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to that implied by the assumed state of stress*. However, the
MIT method is not believed to derive its potential from com-
pleteness but, instead, from its simplicity and capability to
predict reasonable factors of safety, as shown later.
In order to extend the MIT method to three dimensional
stability problems, we maintain the plane strain assumptions
(that the vertical stress is a major, or minor principal
stress at failure depending on whether e > 0, or e < 0,
respectively) and, in addition, we assume that the longitu-
dinal (out-of-plane) stress, a. is also a principal stress and
given by:
a =K + u (6.23)i v
Eq. 6.23 is a simplifying assumption that achieves the neces-
sary statical determinancy in three-dimensional stability
problems involving frictional materials. Solutions obtained
for different values of K (between the active and passive
earth pressure coefficients, say) will determine a range of
possible values for the factor of safety and hence evaluate
the importance of the longitudinal stress on stability. Based
on these assumptions, the effective stress tensor, aj, at
any point on the shear surface is thus given by:
*Unless 0= 45 + T/2 or -(45 - T/2) when the MIT method
is correct for the assumed state of stress.
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aT
x
0 0
0 CT
y
0 0 aZ
where:
S=a - u
y v
a = (a - u) - -_ - 2c
x V N /
= (a - u) - N + 2c /N
v$$
az ="a =Ka =K(a -u)y v
for 0 > 0
for 0 < 0
Noting that the outward normal vector to the base of the
slice, n, is given by (see Fig. 5.8):
cos p . sin 0
cos p cos e (6.28)
sin p
and the normal stress on the failure plane at failure .is:
3
a =.IN 1=1
3 _
.Z i. . - n.n.J=1 1J 1 3
we thus get:
aN = Co2 C sin2 0 + aco sz p cos 2 e + sin 2 p
(6.30)
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-a.. =-
:1J
0 (6.24)
(6.25)
(6.26)
(6.27)
(6.29)
n =
Utilizing the Mohr-Coulomb criterion in Eq. 2.3 together with
Eqs. 6.25 through 6.27, the shear force at the base of any
slice is given by:
dF = cdZ dS dz + W (1 - r) X cos 2 p d
dz Icos e u a dz
2c sin 2 e cos 2 p dt d +
dz
K W(1 - r) sin2  d (dz tanT
cos e u dz
for e > 0 (6.31)
and
dF =cdk ds dz + W (1 - r) X cos 2 p dS +
dz Icos 6 dz
2c/NF sin 2 0 cos 2 P dd +
dz
K W (l - r) sin2 p- dz tan4,
cos u dz )
for 0 < 0 (6.32)
Xa and X are given by Eqs. 6.20 and 6.21, respectively. The
three-dimensional factor of safety, F, is:
m n
Z E dF
F = m n1 (6.33)
E E W dz sin 0
1 1
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6.3 DRAINED STABILITY OF HOMOGENEOUS SLOPES
In order to perform parameteric studies for the drained
stability of homogeneous slopes, the use of the frictional
strength parameters Xc (Janbu, 1954) is convenient:
Xc$ = -H tan T (6.34)
where:
H = slope height
y = total unit weight of soil
X c is a measure of the frictional strength of the slope.
When Xc$ = 0, the soil is frictionless (i = 0) and when c
tends to o, the soil is purely frictional (c = 0).
For homogeneous slopes, it can be easily shown (Janbu,
1954) that the plane strain factor of safety, F0 , can be
written in the form:
F0 = N -C (6.35)
YH
where the stability number Nsf depends on Xc$' the slope
angle 6, and the pore pressure ratio, ru. Hence, the results
of different methods of analysis can be evaluated by comparing
Nsf for fixed values of Xc$' ,, and ru. Alternatively, this
can be done by comparing F0 for fixed values of Xc$ 6, r
and c/YH. In this study we consider three slope angles
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(cot S = 2, 1.5, and 1), four values of Xc (0, 4, 20 and
100) and r = 0.
6.3.1 Two-Dimensional Analysis
Two-dimensional analyses were performed by means of the
program STAB3D to check the accuracy of the MIT method. This
was achieved by analyzing slopes with three different angles
5, and four values of Xc$, utilizing three methods of analysis:
1) The Ordinary Method of Slices (OMS); 2) the Modified
Bishop method (MB), and, 3) the MIT method. The results of
these analyses show that:
1. In frictionless slopes (X c = 0), the three methods
(OMS, MB and MIT) give identical results. Since this case
corresponds to a total stress analysis (0 = 0), no assumption
is required to achieve statical determinancy, and this result
was therefore expected.
2. In all the cases investigated, the three methods of
analysis (OMS, MB and MIT) showed that toe failures were more
critical than base failures. This result was expected from the
work of Janbu (1954) and Wright (1969).
3. Table 6.1 presents the coordinates x/H and y/H of
the critical toe circles in each of the cases considered. For
a particular slope, the critical centers obtained by different
methods lie on a straight line through the midpoint of the
slope. The inclination of this line approaches the normal to
the slope as X c increases. The critical center according to
the MIT method lies below that for the MB method and above the
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Table 6.1 Results of Two-Dimensional Drained Stability Analysis
Ordinary Method Modified Bishop M.I.T. Method
of
Slices (OMS) Method (MB) (MIT)
F0 F0
MIT MIT
cot 6 A c/yH * 0 x/H* x/H x/H
F0  F0  F0  F0 F
y/H* y/H y/H OMS Bishop
-0.10 0.10 0.10
4 0.10 24.2 1.277 1.20 1.326 1.50 1.342 1.50 1.051 1.012
0.30 0.50 0.50
20 0.05 45 1.664 1.50 1.750 1.70 1.734 1.70 1.042 0.991
0.80 1.20 1.20
1100 0.01 45 1.216 1.90 1.257 2.30 1.369 2.30 1.126 1.089
-0.40 -0.20 -0.30
4 0.10 24.2 1.542 1.40 1.625 1.80 1.603 1.60 1.040 0.986
0.00 0.20 0.10
1.5 20 0.05 45 2.202 1.80 2.315 2.20 2.342 2.00 1.064 1.012
0.50 0.90 0.80
100 0.01 45 1.720 2.50 1.768 3.10 1.848 2.90 1.074 1.045
-0.60 -0.50 -0.50
4 0.10 24.2 1.783 1.70 1.891 2.00 1.874 2.00 1.051 0.991
-0.20 0.00 -0.10
2.0 20 0.05 45 2.751 2.30 2.882 2.80 2.922 2.60 1.062 1.014
0.30 0.60 0.50
100 0.01 45 2.236 3.20 2.292 3.80 2.395 3.60 1.071 1.045
*x/H and y/H are the coordinates of the critical toe circle when the origin is located at the toe of
the slope.
H,
critical OMS center.
4. The results cbtained by the OMS and MB methods in
case of cot 5 = 1 and c = 20 agree very well with solutions
reported by Wright (1969) for the same problem. This provides
a check on the two methods as performed by the program STAB3D.
5. A comparison between the factor of safety, F0 , ob-
tained by the three methods of analysis shows that:
a. F0 (MB) is consistently higher than F0 (OMS)
b. F0 (MIT) is consistently higher than F0 (OMS)
c. The agreement between F0 (MIT) and F 0 (MB) is good for
the more cohesive slopes. When Ac$ < 20, the
difference between the two methods is less than 1.5%.
d. In more frictional slopes ( A = 100), the dif-
ference between F0 (MIT) and F0 (MB) is about 4.5%
when $ is relatively small (cot S = 1.5 and 2). For
steeper slopes (cot a = 1) the difference between
F0 (MIT) and F0 (MB) is 9%. However, the failure
surface in this case is very shallow, and therefore,
this case is not considered to be of major practical
importance.
The Modified Bishop method (MB) is one of the most
widely used methods in circular arc slope stability analyses.
Wright (1969) shows that the MB method predicts factors of
safety F0 , which are within 1% of those predicted by the more
exact method of Spencer* (1967) for homogeneous slopes with
*which satisfies all equilibrium conditions for each slice.
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0 < Ac$ < 50, 1.5 < cot S < 3.5, and r = 0. Since the
results in Table 6.1 show that, for these slopes, the MIT
method is expected to predict F0 to within 5% of the MB
method, we thus conclude that the MIT method provides a rea-
sonable degree of accuracy.
However, Whitman and Bailey (1967) and Turnbull and
Hvorslev (1967) show that the Modified Bishop (MB) method is
likely to yield questionable results when "deep" circles are
encountered. This is illustrated in Fig. 6.2 by the distribu-
tion of EN av along the shear surface in case of a homogeneous
slope with i = 30*, c = 0 and ru = 0. For large negative
values of e, the MB method predicts very large values of cN /av
and hence an infinite passive resistance, when 0 < - 90*.
Furthermore, Fig. 6.2 shows that the Ordinary Method of Slices
(OMS) predicts very small values of aN/av for large negative
values of e thus leading to small passive resistances. On
the other hand, the distribution of aN /v according to the
MIT method appears reasonable for all values of e.
Finally, the MIT method provides an explicit expression
for the factor of safety, F0, and thus avoids the iterations
needed in the MB method. This reduces the required computer
time by a factor of two, and offers a method which can easily
be extended to three dimensional and/or probabilistic analyses.
6.3.2 Three-Dimensional Analyses
Three-dimensional analyses were performed for three slope
angles (cot S = 1, 1.5 and 2), four values of Ac$ (0, 4, 20 and
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100) and ru = 0. The analyses were conducted according to the
extended OMS and MIT methods using the shear surfaces intro-
duced in Chapter 2 which consist of a cone attached to a cylin-
der and an ellipsoid-attached to a cylinder.
Analysis According to the Extended Ordinary Method of
Slices. The results obtained according to the extended OMS
by means of the computer program STAB3D are shown in Fig.
6.3. The ratio of the three-dimensional to the two-dimensional
factor of safety F/F0 , is plotted versus the total normalized
failure length, 2L/DR for cot 8 = 1 (dotted lines) and cot 6 =
2 (solid lines). We note in Fig. 6.3 that:
1. For the more cohesive slopes (X c = 0 or 4), in-
creasing the failure length reduces the end effects expressed
by the ratio F/FO. In the limit, when 2L/DR approaches in-
finity, F/F0 = 1, and a plane strain mode of failure is, there-
fore, more likely to take place. For 2L/DR > 8, the end
effects are smaller than 10%, and, in many cases, a two-dimen-
sional analysis would be satisfactory. However, for 2L/DR < 8,
the end effects may be significant enough to justify a three-
dimensional analysis.
2. An increase in the frictional component of the shear
strength reduces the end effects, i.e., F/F0 decreases as Xc
increases, Fig. 6.3. For X = 100, F/F0 is less than unity
and the critical failure length is very short (2L/DR = 0.6
for cot a = 2). The extended OMS thus predicts that the
failure of frictional slopes takes place along very short and
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Figure 6.3 Results of the Drained Stability Analysis of Homogene-
ous Slopes According to the Ordinary Method of Slices
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deep failures contrary to typical observed failure modes.
This discrepancy arises because the extended OMS assumes that
the effective longitudinal stress, a , is equal to zero. This
assumption underestimates the fricitonal resistance on verti-
cal planes and, therefore, becomes significant when X $ in-
creases.
3. The results in case of cot S = 1.5 fall between
those for cot S = 1 and 2, in Fig. 6.3.
In conclusion, results obtained by the extended ordinary
method of slices are not satisfactory, and a method which
takes the longitudinal stress into consideration is needed.
Analysis According to the MIT Method. Three-dimensional
analyses were performed according to the MIT method for the
same slopes described earlier in the method of slices. The
ratio, K, between the longitudinal effective stress to the ver-
tical effective stress, (K = P,/ )varied between 0.3 to 2 for
c 0 = 4 and 20, and between 0 to 2 for X c = 100. The results
are shown in Fig. 6.4 a, b and c for X c = 4, 20 and 100,
respectively. From this figure we note that:
1. For Xc = 100, the MIT method with K = 0 gives very
similar results to the extended OMS: F/F0 is less than unity,
and the critical failure length is very short. These results
were previously considered unsatisfactory in discussing the
OMS because the longitudinal stresses, a,, are neglected.
2. For most practical situations where K is expected to
exceed 0.3 (K > 0.3), F/F0 decreases as 2L/DR increases.
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3. For 2L/DR > 10, the end effects are not significant
(i.e., F/F0 approaches unity) for all values of Xc cot and
K considered in the analyses.
4. An increase in the longitudinal effective stress,
, increases the end effects, i.e., F/F0 increases when K in-
creases. Furthermore, this effect of C increases as the fric-
tional strength parameter X c increases, and vanishes for
frictionless slopes (Xc$ = 0). As an illustration, for 2L/DR =
4 and cot 6 = 1, an increase in K from 0.3 to 2.0 increases
F/F0 by 16% (from 1.14 to 1.32) when X c = 4 and by 40% (from
1.05 to 1.475) when X c = 100.
5. In the case of K = 0.3 and X c = 100, which cor-
responds to highly frictional slopes near the active state in
the longitudinal direction, Fig. 6.4c shows no significant
change in F/F 0 for 2L/DR > 2.
6. The end effects are slightly increased by the slope
angle a. The results obtained for cot 6 = 1.5 fall between
the ones corresponding to cot 6 = 1 (dotted lines) and cot 6 =
2 (solid lines) in Fig. 6.4.
7. For all cases considered, the factor of safety ob-
tained from ellipsoidal shear surfaces is lower than that from
conical surfaces.
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6.4 SUMMARY AND CONCLUSIONS
This chapter investigates the drained stability of slopes
where the shear strength depends on the normal effective stress
according to the Mohr-Coulomb criterion. In such cases, the
stability problem is statically indeterminate and the normal
effective stresses, aN, along the shear surface must be
assumed in order to estimate the factor of safety. This was
achieved by adopting simplified procedures which are aimed at
estimating "reasonable" bounds on aN'
Two methods of analysis were used to estimate aN: The
Ordinary Method of Slices (OMS), and the MIT method (MIT).
In the OMS, all interslice forces are neglected and aN is
obtained from equilibrium in a direction normal to the base of
the slice.
In two dimensions, the MIT method assumes that the verti-
cal overburden stress is a major, or minor, principal stress
at failure depending on whether the inclination of the base
angle, e, is positive or negative, respectively. In three
dimensions, the longitudinal (out-of-plane) effective stress,
Cy., is also assumed to be a principal stress and given by the
ratio K (= ak /v) . Knowing the principal stress tensor, aN
can then be easily computed.
In order to evaluate the effect of these assumptions on
the two and three-dimensional factors of safety, the drained
stability of homogeneous slopes was considered for three
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slope angles (cot $ = 1, 1.5 and 2), four values of the fric-
tional strength parameter X, X c = 0, 4, 20 and 100) and no
pore water pressures (ru = 0) . In two-dimensional analyses,
the Modified Bishop (MB) procedure (1955) was also used. The
results of the stability analyses showed that:
In Two Dimensions
1. Similar to the ordinary method of slices (OMS), the
MIT method provides an explicit expression for the plane
strain factor of safety, F O , and thus avoids the iteration
required by the Modified Bishop (MB) method. This reduces the
computer time significantly and enables extensions of the
method to three dimensions to be easily performed. However,
the MIT method predicts factors of safety that are in close
agreement with those predicted by the MB method (for X c < 20,
the maximum difference between F0 (MIT) and F0 (MB) is about
1.5%).
2. The distribution of FN along the shear surface
according to the MIT method appears reasonable for all values
of e even for "deep" circles (large negative values of 0).
For this case, the MB method predicts infinite passive re-
sistance for 8 < $ - 90*, and the OMS predicts a very small
passive resistance which tends to zero at 0 = - 90*.
In Three Dimensions
1. The results obtained by the extended OMS to three
dimensions are shown in Fig. 6.3 where F/F 0 is plotted vs
2L/DR. The method predicts that failure of frictional slopes
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(Ac = 100) takes place along very short and deep shear sur-
faces contrary to typical observed failure modes. This
arises because the extended OMS assumes the effective longi-
tudinal stress, a., to be equal to zero. This assumption
underestimates the frictional resistance on vertical planes,
becomes significant when A increases, and, therefore, is
not considered satisfactory.
2. The results obtained by the MIT method are shown in
Fig. 6.4 for K = 0.3, 1 and 2 for X c= 4 and 20 and K = 0,
0.3, 1 and 2 for Ac$ = 100.
In case K = 0, the MIT method, gives very similar results
to the extended OMS: F/F0 is less than unity, and the criti-
cal failure length is very short. This confirms the earlier
conclusions that -the extended OMS yields unrealistic results
because the longitudinal stresses are neglected.
3. An increase in the longitudinal effective stress, aV
increases the end effects, i.e., F/F0 increases when K in-
creases. Furthermore, this effect of a increases as the
frictional strength parameter, Ac$, increases, and vanishes
for frictionless slopes (A = 0).
4. An increase in the frictional component of the shear
strength reduces the end effects, i.e., F/F0 decreases as Ac$
increases (Fig. 6.3). In the case of K = 0.3 and Ac = 100'
which corresponds to highly frictional slopes near the active
state in the longitudinal direction, end effects (F/FO) are not
significant when 2L/DR > 3.
5. For 2L/DR > 10, the end effects are not significant
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for all values of Xc$, cot a and K considered in the analyses
(Fig. 6.4).
6. The end effects are slightly increased by the slope
angle S. The results obtained for cot S = 1.5 fall between
the ones corresponding to cot S = 1 (dotted lines) and
cot S = 2 (solid lines) in Figs. 6.3 and 6.4.
7. Ellipsoidal shear surfaces gave consistently lower
values of the factor of safety than conical surfaces.
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CHAPTER 7
LENGTH OF FAILURE
The importance and consequences of a slope failure often
depend on the length of failure along the slope. A short
failure length can easily be repaired without severe financial
losses, whereas a long failure might have disastrous conse-
quences. Existing methods of slope stability analysis which
rely on a plane strain formulation assume an infinite failure
length and, therefore, are not suitable for predicting the
failure length of a slope. Instead, a three-dimensional
analysis is required.
Chapter 2 of this thesis presents the fundamental approach
to three-dimensional slope stability for slopes with homo-
geneous cross sections, where the shear strength is constant
along their axis. For such slopes, three-dimensional effects
increase the factor of safety. The most critical failure
length is thus infinite and corresponds to the plane strain
solution (Chapters 3 and 6).
In order to better simulate the field conditions,
where actual failures are three-dimensional, the variation of
the shear strength along the slope axis is taken into consi-
deration in this chapter. Models for such a variability are
presented and evaluated both deterministically and prob-
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abilistically. The results are then compared with the case of
a uniform shear strength described in Chapter 3.
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7.1 MODELS FOR STRENGTH VARIABILITY
In this chapter, we consider the undrained stability of
cohesive slopes ($ = 0, c = s ) using two models for the varia-
U,
tion of the cohesion, c, along the z-axis:
1. Sinusoidal Model:
c(z) = c*[l - m - cos ] (7.1)
and
2. Saw-Tooth Model:
c(z) = c*[l - (-1) - m{(l + 2i) - 2|z1}] (7.2)
where,
c* = average cohesion along the length of the
embankment. This is the value of the cohe-
sion used to obtain the plane strain factor of
safety, FO,
m = amplitude of variation,
6 = half the wave length,
z = distance along the slope axis,
|zI = absolute value of z, and
i = integer part of (Jz|/6)
Equations (7.1) and (7.2) are illustrated in Fig. 7.1. We
note that when m = 0, both models reduce to the case of a slope
with a uniform shear strength along its axis.
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Figure 7.1 Models for the Variation of Shear Strength Along the
Longitudinal Axis of Embankments
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c(z)/c*
c(z)/c*
7.2 UNDRAINED STABILITY OF A VERTICAL CUT
Let us consider the undrained stability of the vertical
cut shown in Fig. 3.1 in Chapter 3. The z-axis is taken at the
crest of the cut and the cylinder passes through the toe, i.e.,
R =H.
max
7.2.1 Closed-Form Solutions
For simplicity, analytical solutions are only obtained
for the case of a conical shear surface attached to a cylinder
(Fig. 3.lb) using the sinusoidal model described by Eq. (7.1).
The plane strain resisting and driving moments are given
by:
M 0 =f R2 - c (7.3),
r 2 max
and
M= R 3  (7.4),d 3 max
respectively. The plane strain factor of safety is thus
given by:
F0  = - c (7.5)
2 yH
The resisting moment resulting from the cylindrical portion of
the shear surface is expressed as follows:
z=k
c
M (cylinder) = Tr - Rmaxfc(z) - dz (7.6)
z=O
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Substituting for c(z) from Eq. (7.1), we get:
Mr (cylinder) = 7T - Rmax
c
c' * (1- m - cos ~I) - dz (7.7)
0
Upon integration and rearranging of terms, one obtains:
M (cylinder) = 7 - c* - R3
r max
S m T
S 6 sin -c]
max max
(.8)
The driving moment of the cylindrical shear surface is given
by Eq. (3.5), or,
M (cylinder) _ 2y - R3
3 max c (7.9)
For the conical shear surface, the resisting moment is
given by: (see Eq. 2.23)
z +kC
M (cone) = 2 - M (z) - dz
r Ir
f1 cos p
C
(7.10)
where,
p = cone angle
M0 (z) = * R 2(z) c*(1 - m - cos -)r 2 6
(7.11)
but, for the conical shear surface,
R(z) = (c + k - z) tan p (7.12)
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Hence, P. +91
C
Mr (cone) = Tr c* - tan p f + )2
cos p Jc
C
(1 - m - cos 7z) dz (7.13)
6
Upon integration, simplificationand using the following
relationships:
Rmx = - tan p (7.14)
cos p = (7.15)
/22 + R2
max
DR = Rmax H (7.16)
and,
A = 6/DR (7.17),
the total (cylinder + cone) resisting moment is given by:
mk rTr
M = Tr* c* - R3  - - - - sin( . c) +
maxH 
H
2 Tr2.
1 + (1H) 1/3 - m[--(H/Z) 3 , - sin(-) -
2 12 +T
(H/ )3 , 3 - sin( c +-) +
Tr3  AH XH
2 7T k 1 T
-- (H/)2 , 2 - cos( c) - -(H/2) - A - sin( c 7.18)
7 2 AH 7T H
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For the case of m = 0, Eq. (7.18) reduces to:
M = a c* R 3  [k /H + 1/3/1 + (Z/H) 2] (7.19)r max c
which is identical to Eq. (3.14) obtained for the case of uni-
form shear strength (Chapter 3). The total driving moment
is given by:
2y
M = - R4  (Z /H + 1/4 - Z/H) (7.20)Md 3 max c
and hence, the three-dimensional factor of safety is the ratio
of Mr (Eq. 7.18) to Md (Eq. 7.20). Figure 7.2 shows a plot of
F/F0 vs 2L/H for different values of X and m.
7.2.2 Numerical Solutions
The effect of the shear strength variability on the un-
drained stability of the vertical cut shown in Fig. 3.1 was
then studied using the program STAB3D. The analysis was
carried out employing the ordinary method of slices (Fel-
lenius, 1936). Results, shown in Fig. 7.3, were obtained
for the two strength variability models expressed by Eqs.
(7.1) and (7.2), using the shear surfaces described in Chapter 2.
From Figs. 7.2 and 7.3, the following can be advanced:
1. The results for the case of a uniform shear strength
along the slope axis (considered in Chapter 3) are given by
the curve for m = 0. The minimum value of F/F0 , (F/F) min'
is equal to unity and occurs at a critical failure length,
(2L/H) cr equal to infinity. This means that a plane strain
failure will take place.
178
F/F 0
2.6
2.4
2.2
2.0
1.8
1.6
1 .4
1.2
1.0
0.8
0.6
0.4
2.6
2.4
2.2
2.0
1.8
1.6
1 .4
1.2
1.0
0.8
0.6
0.4
0 4 8 12 16 20 0 4 8 12 16 20
2L/H 2L/H
Fig. 7.2 End Effects on the Stability of a Vertical Cut with Non-Uniform
Shear Strength Along the Longitudinal Axis (Conical Shear Surface)
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2. Depending on the two parameters X and m, the vari-
ability of the shear strength along the slope axis may cause a
failure of finite length. For example, when the normalized
half wave length X = 6/H = 10, and the wave amplitude factor
m = 0.5 (solid line in Fig. 7.2a), the minimum factor of safety
corresponds to a length of failure 2L ~ 5.5H and is given by
F ~ 0.6F 0 , i.e., three-dimensional effects reduce the plane
strain factor of safety and, if neglected, can lead to unsafe
designs.
On the other hand, in the case of X = 2 and m = 0.1 in
Fig. 7.2b, F/F0 oscillates above unity. The minima for this
curve decrease in amplitude as 2L/H increases and reach an
absolute minimum equal to unity when 2L goes to infinity.
This indicates that, for this case, a plane strain failure is
more critical.
3. For a vertical cut, the critical finite failure
length 2L is shorter than half the wave length 6 of the
strength variability, i.e., (2L/H)cr < X.
4. For the case of finite failures, an increase in m or
in X reduces the minimum factor of safety.
5. For the same values of m and X , the sinusoidal and
saw-tooth models give practically identical results (See
Fig. 7.3). Therefore, only the sinusoidal model will be used
in the remaining of this chapter.
6. Comparing the solid and dotted lines in Fig. 7.2,
the solutions obtained by the computer program STAB3D show
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Figure 7.3 End Effects on the Stability of a Vertical Cut with Non-uniform
Shear Strength Along the Longitudinal Axis (Ellipsoidal Shear Surface)
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20
2.6
excellent agreement with the closed-form solutions presented
in Section 7.2.1.
7. For a vertical cut, ellipsoidal failure surfaces gave
consistently lower values of the factor of safety than conical
surfaces and are, therefore, more likely to represent actual
failures.
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7.3 UNDRAINED STABILITY OF HOMOGENEOUS SLOPES
The effect of strength variation along the axis of slopes
with homogeneous cross sections was evaluated numerically using
the program STAB3D. Figure 7.4 shows a slope of height H,
making an angle B with the horizontal, where the failure
length is 2L.
The steps used in determining the minimum safety factors
and the associated critical shear surfaces are the same as
those described in Section 3.2 of Chapter 3. We assume the
location of the z-axis, values of Rmax and Zc' the shape
of the shear surface (cone or ellipsoid attached to a cylinder),
and the mode of strength variation. The corresponding value
of the safety factor, F, is obtained. The process is repeated
until the minimum value of F is obtained.
Figure 7.4 shows a plot of F/Fo against 2L/DR for the
toe failure of slopes with 3 = 10* and B = 90*, and for the shear
strength variation described by the sinusoidal model in Eq.
(7.1). The results show that:
1. The two parameters m and X,which describe the
strength variation along the slope axis,determine the mode of
failure. This is illustrated by the curves corresponding to
X = 10 and X = 2 when m = 0.25. For the short wave length
N = 2, the curve of F/F 0 vs 2L/DR oscillates above unity resul-
ting in an infinite failure length with an (F/F) min = 1. On
183
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Figure 7.4 End Effects on the Stability of Slopes with Homogeneous Cross
Sections and Non-uniform Shear Strength Along Their Axis
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the other hand, for the longer wave length X = 10, F/F0 has a
minimum which is less than unity and, therefore, corresponds
to a finite failure length.
2. For finite failure lengths, the factor of safety
decreases when m increases or when X increases.
3. For slopes with homogeneous cross sections considered
herein, finite failure lengths, 2L, are shorter than the half
wave length, 6, of the strength variation.
4. For a given ratio of 2L/DR, the slope angle a has
little influence on the values of F/F 0 , (F/F0 ) in and
(2L/DR)cr'
5. Ellipsoidal shear surfaces gave consistently lower
values of (F/F0 ) min than conical shear surfaces and, there-
fore, they are more likely to simulate actual field conditions.
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7.4 LENGTH OF FAILURE -- APPROXIMATE ANALYSIS
Considering the sinusoidal strength variation model
described by Eq. (7.1), let us define the average cohesion, c
along a length 2L by the expression (see Fig. 7.5):
L
2L
-L
c (x) - dx (7.21)
From Eqs. (7.1) and (7.21) and using the fact that c(x) is
an even function, we get:
L
2c*
0
Integrating we get:
(1 - m - cos r) -dx (7.22)
(7.23)c= c*[1 - - L sn 27r]
Eq. (7.23) may be also written as:
c 1  2m 6 DR -in 2L DR)
c* 7T DR 2L-t s 2( ' DR -F
Using X = 6/DR, Eq. (7.24) can be written as:
= 1 - 2m - X - - sin(T- - )c F 7T 2L f D
(7.24)
(7.25)
7.4.1 Factor of Safety and Critical Failure Length
For slopes with uniform shear strength along their axis
(m = 0), the dependence of F/F0 on 2L/DR (see Fig. 3.4) can
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be approximated by the expression:
F = [1 + a( ) ] - F0  (7.26)
where a and y are constants that depend on the slope geometry
as well as the soil properties, and F0 is the plane strain
factor of safety based on c = c*. Knowing that F is propor-
tional to the value of c, we use Eq. (7.25) to write the factor
of safety F for a slope, where the strength varies along its
axis, in the form:
2m DR .n-7T 2L
FT= - - sin( - - )
1 + aDR) F0  (7.27)
This is an approximate expression for F which will be shown to
be of reasonable accuracy for practical applications.
7.4.2 Constants a and y
In order to determine the constants a and y in Eq. (7.26)
for the curves in Fig. 3.4 of Chapter 3, the least squares
approach was used (Crandall, 1956). Table 7.1 gives these
values for different slope geometries. The dependence of a and
y on the slope angle P and the depth to bedrock n, (in case of
base failures), is not significant. The following analysis
was, therefore, performed using a = 0.7 and y = -l for toe
failures, and a = 0.8 and y = -1.25 for base failures.
7.4.3 Results
Figure 7.6 shows a plot of F/F0 against 2L/DR, according
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Table 7.1 Constants a and y in the Equation
F = [1 + a(ZL)Y] F0
Correlation
Case Coefficient
r
n = 1.25 0.792 -1.276 0.993
cot S 1.5 0.673 -1.306 0.991
=-1
2 0.566 -1.269 0.984
n = 1.25 1.011 -1.274 0.998
a)
cot 1.5 0.801 -1.241 0.992
=1.5
2 0.742 -1.340 0.997
CO,
n = 1.25 1.037 -1.160 0.999
cot S 1.5 0.895 -1.191 0.995
-2
2 0.793 -1.257 0.998
All Base Failures 0.80 -1.25 0.952
S = 100 0.674 -1.075 0.999
o r4 0 = 90* 0.881 
-1.120 0.998
All Toe Failures 0.70 -1.00 0.976
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to Eq. (7.27), for the case of toe failures when X = 10 and
m = 0, 0.25 and 0.5. To check the accuracy of this approximate
expression, results obtained previously (Fig. 7.4) by means
of the computer program STAB3D for the same cases described
above are also plotted on the same figure. The agreement be-
tween the solid curves (approximate) and the dotted ones
(STAB3D) is good and shows that Eq. (7.27) offers adequate
accuracy.
Using the approximate expression in Eq. (7.27), the mini-
mum value (F/F) min and the corresponding critical failure
length (2L/DR)cr at any values of X and m can be easily ob-
tained by differentiation. The results of this analysis are
shown in Fig. 7.7a for toe failures and in Fig. 7.7b for base
failures when X varies between 1 and 100 and m varies between
0.1 and 0.6. Results in Fig. 7.7 show that:
1. The parameters m and X describing the shear strength
variation along the slope axis determine the mode of failure.
For example, when m = 0.2, Fig. 7.7a shows that (F/F) min
and (2L/DR)cr in case of X = 100 are given by 0.82 and 32,
respectively, i.e., a failure with finite length will take
place. By decreasing the value of X, (F/FO) mi increases, and
(2L/DR) decreases until X ~ 5. For X < 5, (F/F 0 )mi 1
cr min
and the failure has an infinite length.
2. For finite failure lengths, the factor of safety
decreases when m increases or when X increases.
3. For the case of slopes with homogeneous cross sec-
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tions considered herein, finite failure lengths are shorter
than the half wave length 6 of the strength variation.
7.4.4 Design Methodology
In order to design cohesive slopes taking into account
the three-dimensional nature of failure and the variability of
the shear strength along the slope axis, the following pro-
cedure is recommended:
1. Determine the cohesion distribution along the axis
of the slope and compute the overall average cohesion c* along
the embankment. Obtain the plane strain solution, and evaluate
F0 and DR.
2. Choose an origin for the z-axis (parallel to the
slope axis) at a point where the cohesion is low.
3. Estimate the average cohesion c along a length 2L
between z = -L and z = L, the distance L varies between zero
and the closest end of the embankment. Note that when 2L
approaches the embankment length, c approaches c*.
4. Assume a value of 6 and plot c/c* vs 2L/6 on Fig.
7.5. Estimate m such that, for this value of 6, the area under
the actual curve of E/c* vs 2L/6 and the idealized cosine
curve is the same.
5. Knowing m and 6, obtain F . and 2L corresponding
min cr
to this first trial from Fig. 7.7.
6. Repeat steps 4 and 5 to determine for a new set of
values of M and X, a new set of F . and 2L . Note that F .
min cr min
decreases with both m and A.
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7. Repeat steps 2 through 6.
8. The most critical length and its location will
correspond to the minimum value of Fmin of all trials.
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7.5 LENGTH OF FAILURE -- A PROBABILISTIC APPROACH
In practice, the safety factor of embankments and slopes
is evaluated on the basis of shear strength data obtained at
selected elevations and at discrete locations along both
the transverse and longitudinal directions. Errors in the
factor of safety are introduced by the method of analysis
(limit equilibrium, circular arc, partial drainage, ... etc.),
systematic sampling errors, and testing techniques, etc. In
addition, errors are also introduced because of inherent
soil variability.
More recent advances in the analysis of slopes rely on
probability, statistics and decision theory to evaluate the
effect of the previously mentioned factors on the stability
of embankments (Morla Catalan and Cornell, 1976; Gilbert,
1974; Matsuo and Kuroda, 1974, 1971; Yucemen et al, 1973;
Barboteu, 1972; and Wu and Kraft, 1970). All of these studies
are based on the classical plane strain (two-dimensional) method
of analysis.
Vanmarcke (1977b) developed a three-dimensional prob-
abilistic model to predict the reliability of embankments.
This model is an extension of the circular arc method where
the shear surface is a cylinder of finite length bounded by
vertical end sections. Vanmarcke considers only the uncer-
tainties resulting from shear strength variability along
the cylindrical shear surface. The resistance of both ends
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of the shear surface and the unit weight of the soil are
treated as deterministic variables. The model determines
the most likely failure length of an embankment and its
probability of occurance. It also predicts the probability
of a slope failure anywhere along an embankment with a
given length.
In the remaining of this chapter, the reliability of
slopes is assessed, employing the principles established by
Vanmarcke, for more realistic modes of failure. Results are
compared with the deterministic solutions presented in Section
7.4.
7.5.1 Probabilistic Model
The plane strain factor of safety can be expressed by
(see Eq. 2.6):
MO T -R
F0  r = max (7.28)
MO W -a
d
For the case of cohesive slopes with homogeneous cross sec-
tions, T is given by:
T = c * S (7.29)
Where S is the arc length of the failure surface. Substituting
in Eq. (7.28) we get:
F0 = c - S Rmax (7.30)
W a
Substituting from Eq. (7.30) into Eq. (7.26), the factor of
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safety associated with a failure length 2L is given by:
c - S.- R
F 2 L = ma [1 + a(2L/DR)Y] (7.31)
In the analysis presented herein, the following assumptions
are made:
1. Soil is statistically homogeneous, i.e., the shear
strength varies randomly about the average throughout
the soil. However, these deviations are of a uniform statisti-
cal nature.
2. The inherent variability of the shear strength, c,
constitutes the major uncertainty in the factor of safety, F2L'
Hence, F2L is a function of only one random variable, and,
its probability distribution can be easily obtained once the
probability distribution of the shear strength is estimated.
Ideally, this probability distribution should be determined
from a sufficiently large number of tests. However, in view
of limited reliable data in this area, more than one distri-
bution is often used. We will consider herein the following
two distributions:
1. The Gaussian distribution, where the probability
density function of the undrained shear strength, p(c), is
given by:
p(c) = exp[-1/2( - I - < c < (7.32)
The cumulative distribution function, P(c), which is the
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probability that the undrained shear strength is less or equal
to a specific value c is given by
c
P (c)=
/ 2 7
exp[-( -c)d
which can be rewritten as:
- *
P(c) = [l + erf( ~ )
in which erf( ) is the error function (Abramowitz and Stegun,
1970).
2. The sinusoidal distribution. The cumulative dis-
tribution function of the shear strength whose longitudinal
variation is described by Eq. (7.1) is given by (Thomson, 1965):
P(c) =1 + sin ~1 (c- c*) for2 mc*
c*(1 - m) < c < c*(1 + m)
P(c) = 0 for c < c*(1 - m) or c > c*(1 + m)
(7.35)
The corresponding probability density function is given by:
p(c) = [M2  _ _1)2]-4 for
c*7r c
c*(1 - M) < c < c*(1 + M) (7.36)
p(c) = 0 for c < c*(1 - m) or c > c*(1 + m)
Both of these functions are shown in Fig. 7.8.
* c and 6 are the mean and the standard deviation of c,
respectively.
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(7.33)
(7.34)
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Figure 7.8
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Sinusoidal Probability Distribution Models
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The probability that the factor of safety associated
with a failure length 2L is equal to or less than a specific
value, P(F2L), can, therefore, be determined by replacing c
by F2L in Eqs. (7. 34) and (7. 35) , or
1 F2 L F 2LP(F2L) =-[1 + erf( )] (7. 37)
2 v2 F 222
for the case of Gaussian distribution, and
1 1 1 F2L F2L
P (F 2L) = - + - sin ()(7. 38)
2 Tr Y1 F2 2L
for the case of sinusoidal distribution, and realizing that
mc* = v - (7.39)
The probability of an embankment failure along a length 2L,
Pf(2L), corresponding to the probability that F2L < 1, is ob-
tained by setting F 2L = 1 in either of the above two equations
depending on the probability distribution at hand. In Eqs.
(7.37) and (7.38), F2L and F2L are the mean and standard devia-
tion of the factor of safety. They are given by (see Eq. 7.31):
C2 S - R 2L
F2L 2L max [1 + a (-) 1 (7.40)
andW - a DR
- S - R 2L
F2L 2L max [1 + a (-) 1 (7.41)2L Wa DR
respectively, where c2L and C2L are the mean and standard
deviations of the shear strength of all sections of length = 2L.
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Following Vanmarcke (1977a), c2L and c2L are related to the point
mean i and standard deviation c by the expressions:
C 2L = c (7. 42)
and
C2L = F(2L) c (7.43),
where r(2L) is a dimensionless reduction factor between 0 and
1 which will be discussed in the following section. Rewriting
Eqs. (7.40) and (7.41) and noting that the mean value of the
plane strain factor of safety is expressed by:
c S - R
FO = max (7.44)
W a
we get
2L
F2L = F 0 [l + a(--)Y] (7. 45)
2L DR
and
F2 L = r (2L) F2L (7.46).
Note here that 6/c is the coefficient of variation of the shear
strength.
7.5.2 Reduction Factors
The reduction factor r (Eq. 7.43) should be evaluated
for the soil deposit under consideration from a large number of
tests. Such data is not presently available and, therefore,
three expressions for r are considered herein. Two of these
expressions were used by Vanmarcke (1977a) and are shown in
Fig. 7.9.
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a* z -z
r(z) = (-) - [2(- - 1 + exp(-))] (7.47)
z a* a*
and
b* z z -z
r (z) = (-) - [- Vr erf (-) + exp(-) 2 _ if4 (7.48)
z b* b* b*
where a* and b* are the decaying parameters and are related to
the autocorrelation distance, 6*, by (Vanmarcke, 1977a):
6*
a= - (7.49),
2
and
b* = 6*/YiT (7.50),
respectively.
The third expression for r corresponds to the sinusoidal
variation of the shear strength expressed by Eq. (7.1). It is
given by (see Fig. 7.9):
P (z) = 2 6/zr - sin(7Tz/26) (7.51)
It should be emphasized, however, that the expressions con-
sidered in this analysis are not necessarily superior to other
existing expressions. The most appropriate reduction factor
for the soil at a specific site should be determined based on
test data obtained for the soil deposit at this site.
7.5.3 Risk or Probability of Failure
A convenient way of assessing the reliability of embank-
ments consists of using the reliability index, Ri, defined as:
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F 2L 1
R. = - (7.52)
1 2 L
R. measures the difference between the mean value of the
1
factor of safety and the critical value of one in terms of the
standard deviation F2L.
Given a certain cumulative distribution function, P(u),
the probability of failure pf can be obtained for each potential
failure length, 2L (see Eqs. 7.37 and 7.38). The most likely
length of failure is, therefore, the length that maximizes pf
(or minimizes the reliability index R.). This concept was
used by Vanmarcke (1977a), Veneziano et al. (1977) and others. Re-
sults of this method of analysis are very sensitive to F2 L
(which is actually the deterministic value of the factor of
safety) as well as F2L and P(u).
In order to incorporate the inevitable uncertainty in
F2L estimated by the deterministic methods) due to the variety
of errors mentioned previously, we redefine the reliability in-
dex R by the more general expression:
F - F
R. = 2L 2L (7.53)
F 2 L
For a fixed probability of failure (fixed reliability index),
we determine the critical length corresponding to the minimum
value of F2L. In the special case when F2L equals unity, Eqs.
(7.52) and (7.53) are identical and the two approaches yield the
same results.
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Figure 7.10 illustrates the difference between the two
approaches based on Eqs. (7.52) and (7.53). The first
approach (Eq. 7.52) evaluates the maximum probability of failure
and the corresponding failure length for F2 L = 1 (vertical
plane in Fig. 7.10). However, in order to use these results,
a designer must estimate F2L, F2 L and P(u) reliably. The
second approach (Eq. 7.53) determines, for a given probability
of failure (or reliability index), the minimum factor of safety
and the corresponding critical failure length (horizontal
plane in Fig. 7.10). Results of this approach can be compared
to deterministic solutions presented earlier andin spite of
the difficulties of estimating F2L' F2L and P(u), can be easily
used in practical designs.
Combining Eqs, (7.53) and (7.37), and noting that:
erf(-x) = -erf (x) (7.54)
the relationship between the Gaussian cumulative distribution
function and the reliability index for the factor of safety is
given by:
P(F 2 L) - [1 - erf(Ri//2)] (7.55)
The corresponding relationship for the case of sinusoidal
distribution is given by:
1 1 R. (.6
P(F 2 L) = - - - sin-( I-)
2 T7 t7.
Figure 7.11 shows a plot of Eqs. (7.55) and (7.56) where
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Figure 7.10 Definitions Regarding the Reliability
Analysis of Embankments
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P
we note that the two distributions are likely to yield similar
results when P is high,but widely different results when P is
small. Since actual slopes are designed with significant
margins of safety, corresponding to small failure probabilities,
the selection of an adequate probability density function at
such small failure probabilities is important for assessing
the reliability of a slope. This is not only true for the two
distributions considered herein, but for more "representative"
distributions as well. This emphasizes the need for very well-
controlled tests on a wide variety of soils before more
reliable distributions can be used.
7.5.4 Results
Substituting Eqs. (7.45) and (7.46) into Eq. (7.53) and
rearranging terms, one obtains:
2L Y 0(7)
F 2L = [i - R. r(2L) -- (i + a () (7.57)
c
For the case of the sinusoidal shear strength variation,
the reduction factor 1(2L) is given by Eq. (7.51). Combining
Eqs. (7.51) and (7.57), the probabilistic model of the factor
of safety is given by:
F2L = - . . ~c.sin( )][i + a() 3 F0  (7.58)
c
This expression is identical to that of the approximate
deterministic model given by Eq. (7.27) if one sets:
m = m, where m=R - (7.59)
c 207
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Equation (7.59) shows that the wave amplitude factor m of the
deterministic sinusoidal strength variation model (Fig. 7.1) is
equivalent to the reliability index (corresponding to a certain
probability of failure) multiplied by the coefficient of varia-
tion of the shear strength. Furthermore, Eqs. (7.27) and (7.58)
show that, for the case of the sinusoidal strength variation,
both the deterministic and probabilistic models give exactly
the same results. However, in order to use Fig. 7.7 to predict
the results of the probabilistic model, one must enter Fig. 7.7
with the value of m instead of m. From Eq. (7.59), m depends
on the reliability index, R., and the coefficient of variation
of the shear strength, =. The value of R. can be estimated
cI
from Fig. 7.11 after an acceptable probability of failure is
selected and an adequate probability distribution for the shear
strength of the slope material is identified. The equivalence
between the probabilistic and deterministic approaches for the
sinusoidal distribution relies on : (1) the manner in which the
reliability index R. was defined in the probabilistic approach;
and (2) the choice of the approximate deterministic expression
in Eq. (7.27). This is primarily emphasized herein in order to
bridge a gap between deterministic and probabilistic approaches
and help elucidate the use of probability in slope stability.
The minimum factor of safety can be obtained by differen-
tiating Eq. (7.57) with respect to 2L. The results obtained for
toe failures, assuming the shear strength to have a Gaussian
probability distribution are shown in Figs. 7.12a and 7.12b
using the reduction factors given by Eqs. (7.47) and (7.48),
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respectively. The corresponding results for the case of base
failures are given in Fig. 7.13a and 7.13b. From these results
we note that:
1. Using Eq. (7.59), the probabilistic results in Figs.
7.12 and 7.13, and the deterministic results in Fig. 7.7 show
similar trends: - a decrease in (F/F) min with the increase
of m (=R -) or the increase of 6*/DR,
c
2. The two parameters, 6*/DR, and rn determine the mode
of failure. For example, Fig. 7.12a shows that for m=0.3 and
6*/DR=l00, (F/F0 )min and (2L/DR)cr are given by 0.74 and 34,
respectively, i.e., a failure with finite length is likely to
take place. By decreasing 6*/DR (or a*/DR), (F/F) min in-
creases, and (2L/DR)cr decreases until a*/DR ~ 2.5. A further
decrease in a*/DR beyond 2.5 will increase the critical failure
length resulting in plane strain failures with infinite (or
very long) failure lengths. This result (the dependence of
the mode of failure on 6*/DR and m) is similar to that obtained
for the deterministic analysis (using the equivalent parameters
X and m). However, in the case of the probabilistic analysis,
the transition from finite to plane strain failures is not as
abrupt as in the case of deterministic analysis (compare Fig.
7.7 with Figs. 7.12 and 7.13).
3. For fixed values of 6*/DR and n, the effect of
the spatial variability of the shear strength on the minimum
factor of safety is not significant. This can be illustrated
by comparing the results in Figs. 7.12a and 7.12b developed
based on two different expressions for the reduction factor,
r(2L). 212
7.6 SUMMARY AND CONCLUSIONS
This chapter investigates the undrained stability ($=0
and c=s u) of slopes with a variable shear strength along their
axis. The first part of the chapter uses a deterministic ap-
proach while the second part is based on probabilistic approa-
ches.
In the deterministic approach, two models for strength
variation are considered (Fig. 7.1): a sinusoidal model (Eq.
7.1); and a saw-tooth model (Eq. 7.2) Both models are de-
scribed by the two parameters 6 and m representing half the
wave length and its amplitude, respectively. Three-dimension-
al stability analyses were performed by means of the program
STAB3D using the two strength variability models in conjunction
with the shear surfaces described in Chapter 2. The results
presented in Figs. 7.2 through 7.4 show that:
1. The two parameters m and 6, which describe the strength
variation along the slope axis, determine the mode of failure.
This is illustrated by the curves in Fig. 7.4 corresponding to
a normalized half wave length, X, of 10 and 2, and a wave ampli-
tude factor,m=0.25. For the short wave length (X=2), the curve
of F/F 0 vs. 2L/DR oscillates above unity. The minima for this
curve decrease in amplitude as 2L/DR increases and reach an
absolute minimum equal to unity when 2L goes to infinity. This
indicates that, for this case, a plane strain failure is more
critical.
On the other hand, for the longer wave length, X=10, F/F0
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reaches a minimum which is less than unity and, therefore, cor-
responds to a finite failure length. In this case, three-di-
mensional effects reduce the plane strain factor of safety and,
if neglected, can lead to unsafe designs.
2. For the same values of m andA , the sinusoidal and
saw-tooth models give practically identical results. This is
illustrated by Fig. 7.3 obtained for the case of a vertical cut
where the z-axis is taken at the crest of the cut and the cylin-
der passes through the toe (See Fig. 3.1). Although other slope
geometries were not considered, we believe that, for given val-
ues of m and A, the two models will also give similar results.
3. For finite failure lengths, the factor of safety de-
creases when either m or A increases.
4. For slopes with homogeneous cross sections (as con-
sidered herein), finite failure lengths are shorter than half
the wave length, 6, of the strength variation.
5. For a given ratio of 2L/DR, the slope angle 6 has
little influence on the values of F/F0 , (F/FO) min and (2L/DR) cr
(See Fig. 7.4).
6. Ellipsoidal shear surfaces gave consistently lower
values of (F/F) min than conical shear surfaces and, therefore,
they are more likely to represent actual failure conditions.
7. In the case of a vertical cut, Fig. 7.2 shows excel-
lent agreement between results obtained by the program STAB3D
and the closed-form solutions derived using the sinusoidal
strength model.
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An approximate expression for the three-dimensional factor
of safety, F, is given by Eq. (7,27) in terms of the plane
strain factor of safety, F0 , and the parameters m and X
describing the sinusoidal model. Fig. 7.6 shows that Eq. (7.27)
gives reasonably accurate results when compared to solutions
obtained by the program STAB3D. Using Eq. (7.27), design charts
(Fig. 7.7) were then developed for the undrained stability
analysis of slopes having homogeneous cross sections and a non-
uniform shear strength along their axis. A design methodology
taking into account the three-dimensional nature of failure and
the variability of the shear strength along the slope axis is
then presented.
The second part of this chapter presents a three-dimen-
sional probabilistic approach to estimate the reliability of
embankments. The soil model considered is statistically
homogeneous and the inherent variability of the shear strength
constitutes the major uncertainty in the factor of safety.
Analyses were carried out assuming two types of probability
distributions (the Gaussian and sinusoidal distributions) and
three models for the spatial variability of the shear strength.
In an actual design problem, the probability distribution and
the spatial variability of the undrained shear strength at the
site should be determined from a sufficiently large number of
tests. The results of the probabilistic analysis show that:
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1. For the case of the sinusoidal strength variation,
both the deterministic and probabilistic models give exactly
the same results. The wave amplitude factor, m, of the deter-
ministic model is equivalent to m in the probabilistic
approach. The parameter m is the product of the reliability
index, R (corresponding to a certain probability of failure)
c
and the coefficient of variation of the shear strength,
C
2. The failure length of a slope depends on the
autocorrelation distance, 6*, describing the spatial vari-
ability of the shear strength, and m (=R -S). This is similar
c
to the case of the deterministic analysis where the failure
mode is affected by 6 and m.
3. For fixed values of m and 6*, the effect of different
shear strength spatial variability models on the minimum
factor of safety is not significant.
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CHAPTER 8
CASE STUDIES
This chapter presents four case histories of embankments
on saturated clay foundations which were rapidly loaded to
failure. A brief description of these cases is given below.
Soil Deposit Nature of Case Study
1-95 Embankment,
Massachusetts
Experimental Test
Section, New Hamp-
shire
New Liskeard Embank-
ment, New Liskeard,
Canada
Fore River Test Sec-
tion, Maine
lean, medium to stiff
clay of medium sensi-
tivity
lean, medium to soft
very sensitive clay
medium to soft varved
clay
tidal mudflat deposit
of soft, slightly
organic clay
granular embankment pur-
posely loaded to failure
on partially consolidated
Boston Blue Clay
granular embankment pur-
posely loaded to failure
by designer
granular embankment failed
during construction
granular test embankment
failed during construction
In each case, the site is briefly described with empha-
sis on the selection of soil parameters. Results of two- and
three-dimensional total stress ($ = 0, c = s ) stability anal-
yses are then obtained on the basis of two types of shear
strength su models: 1) the (uncorrected) field vane strength
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Name
su (FV), and 2) the Stress History and Normalized Soil Engi-
neering Properties Strength (Ladd and Foott, 1974), wherein
anisotropy is considered by extending the elliptical model
proposed by Davis and Christian to three dimensions (Chapter
5), SHANSEP-Su (6).
In each of the four case studies, the computed three-
dimensional factor of safety, F, (which accounts for end ef-
fects, strength anisotropy, and strain compatibility) is com-
pared to the actual value of F = 1 at failure. Conclusions
regarding adequate estimates of the shear strength of clays
for stability computations are then derived.
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8.1 1-95 EMBANKMENT, SAUGUS, MASSACHUSETTS
8.1.1 Description of the Site
In 1965, work began on a 3-mile extension of Interstate
Highway 1-95, north of Boston (Fig. 8.1). The extension re-
quired construction of a high embankment on a layer of peat
and sand underlain by a thick deposit of a medium to stiff
clay commonly known as Boston Blue Clay, BBC. In August 1967,
the top 10-foot layer of peat was removed and replaced by sand
and gravel. When filling was completed, by July 1969, the
embankment crest elevation ranged from +25 to +40 ft. along
the 3-mile extension.
In order to resolve the uncertainties involved in choos-
ing the undrained shear strength of BBC for stability analy-
ses, a test fill was rapidly built to failure in 1974 on a
300-foot long section of the embankment at Station 263 (Fig.
8.1). Considerable lateral movements at Sta 263 had previ-
ously required the construction of a stabilizing berm on the
west side as shown in Fig. 8.2. To cause the failure, fill
was first dumped until the east slope was about 40*. The fill
was then placed uniformly over the entire test section in
1-foot lifts at an average of 1 to 2 ft. per day. The geome-
try for the placement of the additional fill (Fig. 8.2) was
* Performed as part of an MIT research contract spon-
sored by the Massachusetts Department of Public Works, MDPW,
entitled "Movement and Stability of Cuts and Fills."
219
W
wt
cOj
C
0
4-
C: o L,
.900)
y 1;!
If
SAUGUS
Figure 8.1 Location Map, 1-95 (From Silva, 1975)
t\)
1--
U)
-j
d of
West - East
/ GRAVELL AND FIL \ to be added to cause failure
completed in 1969
GRAVELLY SAND FILL
[I PEAT
OVERCONSOL IDATED CLAY
NORMALLY CONSOLIDATED CLAY
20ft.
T ILL
Figure 8.2 Cross Section of the 1-95 Embankment at Station 263
60 -
40 -
20 -
BE AT
-20
'-A
-40 *
z
0
I-
LU
-60
-80
-100 -
-120
-140-
-160-
"
pg FATSILT Y SAND0 F
designed to cause failure of the east side.
8.1.2 Failure
The failure of the test section occurred when the fill
elevation was at 56.5 ft. Both sides of the embankment
failed simultaneously, causing the crest to drop about 30 ft.
and the sides to heave as much as 14 ft. The failure exten-
ded over a distance of 280 ft. on one side of the 300-ft.
test section and 450 ft. on the other. The total failure
length was, therefore, along 1030 ft., while the loaded length
was only 300 ft. More detailed information is given in a spe-
cial M.I.T. report (1975).
8.1.3 Soil Properties
Embankment Fill - The fill for the embankment consisted
of well graded sand which was end dumped up to El +5 and com-
pacted with rubber tired rollers thereafter. For the end-
dumped fill, we estimated the unit weight, Yt = 110 pcf and
the friction angle, T = 3 0*. For the compacted fill we as-
sumed yt = 122 pcf and T = 40*, respectively. As for the addi-
tional fill, yt was taken = 122 pcf and ; = 370.
Foundation Sand - The natural sand overlying the clay is
a well graded silty sand with some gravel. An average value
of yt = 113 pcf and a ( = 35* were assumed for this sand.
Peat - No tests were performed on the peat layer. Based
on Ladd (1975b), we estimated the yt = 75 pcf and the un-
drained shear strength, su = 300 psf.
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Till - The till layer underlying the BBC is very dense,
with blow counts, N, in excess of 50. Stability analyses
conducted by Silva (1975) showed that all the critical shear
surfaces obtained from a variety of methods of analysis were
located above this stratum. Hence, no attempts were made to
determine the properties of the till or to include it in the
analyses.
Boston Blue Clay - The Boston Blue Clay is a sensitive,
marine illitic clay with a natural water content, wn' of
40 + 5% and plasticity index, P.I., of 20 + 5%.
Figure 8.3 shows Geonor field vane, FV, tests conducted
at the site (Sta 263) in June 1973, i.e., 14 months prior to
failure. However, Silva (1975) presents field vane measure-
ments at Sta 244, taken in 1967, 1969 and 1972, which indi-
cate very little gain in field vane strength with time. We,
therefore, considered the FV strength profile given by the
two solid lines in Fig. 8.3 to be adequata for the stability
analyses of the 1974 failure.
A critical step in the use of the SHANSEP method is an
accurate estimation of the existing vertical effective consol-
idation stress, vc, the maximum past pressure, a o, and hence
the overconsolidation ratio, OCR, (= /vc ).
Beyond 90 ft. east and 55 ft. west, the clay foundation
is virtually unaffected by the embankment and the prefailure
vertical stress in the ground is given in Fig. 8.4 by the line
labelled "a vo. In the central portion under the embankment,
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a new stress history based on pore pressure measurements and
finite element analyses of total stress increments caused by
the fill was established by Ladd (1975b), and is shown in
Fig. 8.4 by the line labelled "existing vc ", i.e., the pre-
failure value.
The maximum past pressures, avm, were determined from
oedometer tests and from constant rate of strain consolida-
tion, CRSC, tests (Wissa et al., 1971). Values of Yvm were
also estimated indirectly from the results of FV tests (Ladd,
1975b) in the following manner: At a given depth, the meas-
ured FV strength is divided by the existing vertical effec-
tive stress, avo or avc, and from the relationship between
s (FV)/a vs. OCR established from the extensive data avail-
u vo
able at Sta246 , the value of OCR is determined. The maximum
past pressure, a , is then obtained by multiplying this OCR
value by the existing vertical effective stress. The pro-
files of a developed from consolidation and FV data are
vmf
given in Fig. 8.5.
The input parameters for the analysis based on the SHAN-
SEP-S (0) strength model rely on results of K consolidated-
undrained tests sheared under various stress systems: plane
strain compression (CK U PSC), plane strain extension
(CK U PSE) and direct simple shear (CK U DSS). The data were
obtained from Ladd et al. (1971)i and Ladd and Edgers (1972).
Table 8.1 gives the normalized strength ratios, s /3vc, at
different values of OCR for the various stress systems consid-
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Table 8.1 Undrained Strength Ratio vs OCR for Boston Blue Clay(1)
(1) Data from Ladd et al (1971); and Ladd and Edgers (1972)
(2)Tff Th
CK UPSC CK UDSS CK UPSE
OCR (2)
q/c T Icr T / c q/TO T f/rv
f vc ff vc h vc f vc ff vc
1 0.34 29 0.30 0.20 30 0.19 37.5 0.15
2 0.57 33 0.48 0.37 33 0.37 37.5 0.29
4 0.95 33 0.80 0.61 33 0.67 37.5 0.53
6 1.25 33 1.05 0.80 33 0.92 37.5 0.73
8 1.50 33 1.26 0.97 33 1.14 37.5 0.90
12 1.90 33 1.59 1.24 33 1.51 37.5 1.20
16 2.19 33 1.84 1.44 33 1.82 37.5 1.44
ered. Beyond OCR of 4, extrapolations were based on a linear
relationship between [(su at vc)/(su at a )] vs. log OCR
(Ladd, 1971).
In order to use the shear strength data given in Table
8.1 for stability analyses, two types of corrections are re-
quired:
1) The shear strength on the failure plane at failure,
Tf, is of primary interest in stability analyses rather than
the maximum shear stress qf. Tff is related to qf by:
T ff= q f Cos T .. (8.1)
The values of T and T ff/vc are given in Table 8.1.
2) Strain compatibility. The stress system in a circu-
lar arc stability analysis varies considerably along the arc
(Chapter 5). For BBC, Figs. 8.6 and 8.7 show a large differ-
ence in the shear strain at failure for the different failure
modes. Ladd (1975a) presents a simplified methodology to
account for strain compatibility by averaging the values of
q/G and h /avc at the same shear strains for the three
stress systems (PSC, PSE AND DSS). Applying this averaging
procedure to the BBC (Table 8.2) shows that the maximum mobil-
ized resistance for the normally consolidated BBC, which oc-
curs at a shear strain of 6%, is 7% less than the average of
the peak strengths. At this shear strain, the ratios of q/qf
for the compression and extension modes of failure are about
0.88 and 0.94, respectively. At OCR = 4, the maximum mobil-
229
2 4 6
SHEAR STRAIN
Figure 8.6 Stress-Strain Curves from CK U Tests on Normally
Consolidated Boston Blue Clay
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Table 8.2 Strain Compatibility Effects for Boston Blue Clay
0 C R - I
Average Normalized ?eak Strength - 1/3(0.34 + 0.20 + 0.19) - 0.243
Shear Fraction of Average
Strain, y Average Mobilized Strength Ratio Peak Strength
(%) (%)
2 1/3(0.335 + 0.186 + 0.100) - 0.21 85
4 1/3(0.320 + 0.199 + 0.151) - 0.22 92
6 1/3(0.300 + 0.198 + 0.180) - 0.23 93
8 1/3(0.283 + 0.195 + 0.188) - 0.22 91
10 1/3(0.266 + 0.192 + 0.191) - 0.22 89
Reduction in s (PSC)/c - 1 - 0-30 - 12%
u vc 0.34
Reduction in s (PSE)/-v = 1 - - 6%
0 C R - 4
Average Normalized Peak Strength - 1/3(0.95 + 0.67 + 0.61) = 0.74
Shear Fraction of Average
Strain, y Average Mobilized Strength Ratio Peak Strength
(%) (M)
2 1/3(0.905 + 0.475 + 0.475) - 0.62 83
4 1/3(0.950 + 0.550 + 0.550) - 0.68 92
6 1/3(0.900 + 0.575 + 0.590) = 0.69 92.6
8 1/3(0.860 + 0.590 + 0.625) = 0.69 93
10 1/3(0.825 + 0.610 + 0.640) - 0.69 93
12 1/3(0.750 + 0.600 + 0.675) - 0.68 91
Reduction in a (PSC)/c . 1 _ 9%
u vc 0.95
Reduction in s (PSE)/j - 1 - -625- 5%u vc 0.670
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ized resistance occurs at a shear strain of 8%. The corre-
sponding q/qf ratios are 0.91and 0.95, respectively.
Based on the above, strain compatibility effects were
taken into consideration by reducing s u(PSC)/ovc by 12% at
OCR = 1, 9% ot OCR = 4, and 0% for OCR > 10. Furthermore,
s (PSE)/a were reduced by 6% at OCR = 1, 5% at OCR = 4, and
u vc
0% for OCR > 10. Reduction factors at intermediate values of
OCR were estimated by linear interpolation between OCR = 1,
4 and 10. No reduction factor was applied to the s (DSS)/avc
ratios. A summary of the strength ratios for the foundation
clay is given in Table 8.3.
The variation of the undrained shear strength with the
inclination of the failure surface at a given point in the
soil deposit can be estimated by means of the ellipsoidal re-
lationship described in Chapter 5. The parameters describing
this model, as introduced by Davis and Christian (1971) are
based on the peak values of the maximum shear stress qf, de-
termined for three different stress systems. However, in
this thesis, we assume that the parameters for the ellipsoi-
dal model can be expressed in terms of Tff after adjustments
are made for strain compatibility. These parameters, are,
therefore, given by:
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Table 8.3 Undrained Strength Ratios Corrected for Strain Compat-
ibility vs OCR for Boston Blue Clay
T (PSC) Tff (DSS) Tff (PSE)
OCR Ks b/a
vc vc vc
1 0.263 0.200 0.137 0.52 0.88
2 0.435 0.365 0.275 0.63 0.96
4 0.725 0.605 0.504 0.70 0.93
6 0.956 0.800 0.692 0.72 0.91
8 1.190 0.970 0.864 0.73 0.89
12 1.594 1.236 1.203 0.76 0.83
16 1.830 1.440 1.446 0.79 0.83
-
su(V) = Tff for plane strain compression shear
K = s u(H)/s (V), where s u(H) = t for plane
*fo
strain extension shear
s (45)
b/a = u , where s (45) = for
/(H) -s~ (v) u f*
plane strain shear with i = 450
Hence, the K values shown in Table 8.3 were obtained by
S
dividing [T ff(PSE)/C ]vc by [Tff(PSC)/Fvc] at each value of
OCR.
In order to estimate b/a, we need the angle i between
Gif and the vertical direction in a DSS test. This requires
an assumption regarding the state of stress in a DSS test,
since the stresses are known on the horizontal Dlane only.
Several such assumptions were analyzed by Ladd and Edgers
(1972), who showed that reasonable results can be obtained by
assuming the location of the effective stress Mohr-Coulomb
envelope. The state of stress at failure is, therefore, re-
presented by a Mohr circle which is tangent to this envelope
and passes through a point representing the state of stress
on the horizontal plane. The direction of the major princi-
pal stress at failure, , can then be found and the angle i
easily determined.
A bar is added to differentiate between parameters
based on Tff and those based on the peak qf values.
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Applying this hypothesis to BBC (Figs. 8.8 and 8.9), the
angle i in DSS tests was found to be in the range of 30* - 350,
depending on OCR. The b/a values were then computed (Table
8.3) by trial and error from Eq. 5.8 such that Tff (at i =
300 - 350) = T ff(DSS). It should be noted, however, that
these values of b/a are approximate, given the assumptions
used. For example, if one assumes p = 35* instead of 30* in
Fig. 8.8, the resulting b/a is reduced from 0.88 to 0.85. Fig-
ure 8.10 presents the shape of the elliptical strength rela-
tionship for different values of OCR, and Fig. 8.11 gives the
anisotropic undrained strength parameters plotted versus OCR.
8.1.4 Stability Analyses
Two-Dimensional Analysis Based on Field Vane Data. Total
stress stability analyses ($ = 0, c = su) were first per-
formed utilizing the field vane strength profile shown in
Fig. 8.3. Figure 8.12 shows the different layers and soil
types used in the analysis and Table 8.4 gives pertinent
parameters.
The minimum plane strain factor of safety based on the
FV strength model, F0 (FV), as obtained by the program STAB3D
is 0.89. In order to check the accuracy of STAB3D, the same
problem was analyzed using the program ICES-LEASE II (Dawson,
1972). The critical circle and the factor of safety obtained
from both programs are shown in Fig. 8.12. The difference in
This refers only to the foundation clay. The effective
strength parameters RC and -) were used for the frictional fill
material.
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STAB3D Input Parameters Utilizing the Field Vane
for Boston Blue Clay, 1-95 Station 263
Strength Model
Soil No. yt c or su K Soil Type
(pcf) (psf)
1 122 0 40 1.00 Embankment Sand
2 110 0 40 1.00 End-Dumped Sand
3 115 0 30 0.50 End Dumped Sand
4 75 300 0 - Peat
5 113 0 35 0.46 Foundation Sand
6 122 0 37 1.00 Test Fill Sand
7 121 1270
8 114 1188
9 114 1075
10 114 973
11 114 871
12 114 717
13 114 594
14 114 717
15 114 1024 0 - Boston Blue Clay
16 121 1936
17 121 1639
18 121 1331
19 114 1127
20 114 922
21 114 758
22 114 860
.23 120 0 40 0.36 Till
24 115 0 30 0.50 End-Dumped Sand
K = out-of-plane stress
vertical stress
Table 8.4
the factor of safety is less than 2% and, therefore, consid-
ered acceptable. Another comparison was made between the Mod-
ified Bishop method of analysis and the MIT method described
in Chapter 6. Results in Fig. 8.12 show that the difference
in the factor of safety determined from both methods is less
than 4% and the corresponding critical circles are almost
identical.
Two-Dimensional Analysis Based on SHANSEP-S u(6). A total
stress stability analysis was then performed utilizing the
SHANSEP-S u(6) strength model. The corresponding undrained
shear strength parameters are given in Table 8.5 and Fig.
8.13. To obtain these values, the clay foundation was divi-
ded into two zones, one extending from 55 ft. West to 90 ft.
East, and the other extending beyond 90 ft. East. The stress
history used herein was developed by Ladd (1975b) before the
embankment failure took place. For the first zone it was de-
termined from the stress history profile at the center line
as shown in Fig. 8.4 (vm and "existing a vc" lines). For the
second zone, we selected the profiles of a vm and a vo, for the
soil "beyond 90' East" from Fig. 8.5. Knowing a vm and a vo'
the values of OCR were then computed and the strength ratios
determined from Fig. 8.11. Table 8.6 gives the STAB3D SHANSEP-
Su(6) input parameters.
The minimum two-dimensional factor of safety for this
case equals 0.82. Figure 8.14 shows the critical circle and
the distribution of the shear strength along this arc as com-
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Table 8.5 SHANSEP-S (6) Undrained Strength for
Boston BlueuClay 1-95 Station 263
55' West to 90' East
Tf (V)
El avc vm OCR T ff(V) Ks b/a
(ft) (psf) (psf) vc (psf)
-12.5 5000 8750 1.75 0.39 1969 0.61 0.95
-20 5100 8000 1.57 0.36 1853 0.60 0.94
-30 4550 7000 1.54 0.36 1639 0.59 0.94
-40 4140 5600 1.35 0.33 1348 0.57 0.92
-50 3800 4300 1.13 0.29 1097 0.54 0.90
-60 3700 3750 1.01 0.26 971 0.52 0.88
-70 4150 4150 1.00 0.26 1091 0.52 0.88
-80 4700 4700 1.00 0.26 1236 0.52 0.88
-90 6000 6000 1.00 0.26 1578 0.52 0.88
Beyond 90' East
-12.5 750 14000 18.7 2.06 1544 0.81 0.81
-20 1200 12000 10.0 1.39 1663 0.74 0.86
-30 1770 7000 3.95 0.73 1282 0.70 0.93
-40 2300 5000 2.17 0.46 1058 0.64 0.96
-50 2820 4000 1.42 0.34 962 0.58 0.93
-60 3330 4000 1.20 0.30 1007 0.55 0.91
-70 3850 3850 1.00 0.26 1013 0.52 0.88
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Table 8.6 STAB3D Input
Strength Model for
Parameters Utilizing the SHANSEP-S (e)
Boston Blue Clay, 1-95 Station 263u
1-K
(1) e - s
1 + K
s
(2) d = 1 - -
a2
(3) f - angle between the major principal plane
and the failure plane
out-of-plane stress
(4) K -
vertical stress
(5) su - 1/2[s u(V) + su(H)]
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(s) (1) (2) (3) (a)
Soil yt c or su e d f* .0 K Soil Type
No. (pcf) (psf)
1 122 0 40 1.00 Embankment Sand
2 110 0 40 1.00 End-Dumped Sand
3 115 0 I 30 0.50 ,,
4 75 300 0 0 - 0 - Peat
5 113 0 35 0.46 Foundation Sand
6 122 0 37 1.00 Test Fill Sand
7 121 1444 0.250 0.107 - -
8 114 1082 0.262 0.126
9 114 977 0.278 0.154
10 114 872 0.290 0.181
11 114 798 0.303 0.199
12 114 756 0.311 0.208
13 114 793 0.316 0.226
14 114 887 0.316 0.226 60 0 - Boston Blue Clay
15 114 1071 0.316 0.226
16 121 1407 0.114 0.311
17 121 1428 0.149 0.260
18 121 1292 0.163 0.208
19 114 1071 0.183 0.126
20 114 866 0.223 0.088
21 114 772 0.270 0.135
22 114 782 0.303 0.181 -
23 120 0 0 0 - 40 0.36 Till
24 115 0 0 0 - 30 0.50 End-Dumped Sand
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pared to the PSC, DSS and PSE strengths of each soil layer.
In order to obtain this distribution, the angle between the
failure plane and the major principal plane at failure (angle
f in Chapter 5) was assumed equal to 60*. Therefore, at any
point along the arc where the inclination of the failure sur-
face to the horizontal is e, the angle between the direction
of the major principal stress at failure and the vertical
direction, i, is given by (see Chapter 5):
i = f - 0 = 60* - 6
The shear strength, s (e), at a point where a = 60*
(point A in Fig. 8.14) is thus equal to s u(V) (corresponding
to i = 0). Similarly, at point D, where e = -30*, the shear
strength is equal to s (H) (i = 90*). Let us now examine the
variation of the shear strength along the portion of the fail-
ure arc between points B and E (Fig. 8.14) within the BBC. At
point B, 8 = 570, and hence su (e) is slightly smaller than
s uV). As the angle i decreases, s (6) decreases and approa-
ches the DSS strength (point C in Fig. 8.14). Further reduc-
tion in the angle e causes a decrease in strength up to point D
where su () = s (H). From point D to point E, su (e) increases
and remains close to s (H).
u
The average shear strength along the failure arc between
points B and E computed on the basis of the DSS strength and
0.5[s (V) + s u(H)] is 915 psf and 930 psf, respectively. The
corresponding average based on s () is 839 psf, i.e., equal
90% of 0.5[s u(V) + s (H)] average. Hence, in order to
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account for strength anisotropy (including strain compatibil-
ity) in stability analyses involving BBC, an equivalent aver-
age strength equal to 0.45 [s u(H) + s (V)]can be used. The
strength based on DSS results will underestimate the su ()
strengh by 10%.
Three-Dimensional Analysis. In evaluating the end ef-
fects on the stability of the 1-95 test section, variations
in the embankment cross section along the observed failure
length (Sta 257+00 to Sta 267+30) are important. The fill
elevation within the loaded section (Sta 261+50 to Sta 264
+50) was at 56.5 ft., and beyond the loaded area, the embank-
ment was at its original elevation of 37.8 ft. In the analy-
sis of this problem, two different cross sections were used,
one at El. 56.5 ft., and the other at El. 37.8 ft. The tran-
sition zone between the two elevations, which had a length
of about 20 ft. in plan, was neglected. For a detailed de-
scription of the analysis of embankments with variable cross
sections using STAB3D, the reader is referred to Appendix A.
The shear surfaces described in Chapter 2 were used in
this analysis: a cone attached to a cylinder and an ellipsoid
attached to a cylinder. Stability computations were per-
formed utilizing both the field vane (Fig. 8.3) and the SHAN-
SEP-S (0) strength models (Fig. 8.13). Results based on these
strength models are shown in Fig. 8.15.
Based on the dependence of F/F 0 on 2L/DR illustrated by
Fig. 8.15, the following can be concluded:
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Figure 8.15 Three-Dimensional Effects for the 1-95
Embankment Station 263
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1. Using the FV strength data, the minimum value of
F/FO = 1.22 corresponds to 2L/DR = 4.2. Since, in this case,
F0 = 0.89 and DR = 108.2 ft., the minimum three-dimensional
factor of safety is thus:
F . = 1.22 x 0.89 = 1.09
min
The corresponding failure length 2L = 4.2 x 108.2 = 455 ft.
This is substantially shorter than the observed failure
length of 1030 ft., which has 2L/DR = 1030/108.2 = 9.52. Fig-
ure 8.15 shows that for 2L/DR = 9.52, the value of F/F0 -
1.30, i.e., the three-dimensional factor of safety for the ob-
served failure length F=1.30 x 0.89 =1.17. Therefore, based
on the minimum F/F 0 value, end effects increase the plane
strain factor of safety by 22%, whereas based on the observed
failure length, the end effects increase F0 by 30%.
2. Using the SHANSEP-Su () strength model, the end ef-
fects equal 23% when the minimum value of F/F0 is used and
30% when the observed failure length is used. The computed
three-dimensional factor of safety, F = (1.23 to 1.30) (0.82
from Fig. 8.14) = 1.00 to 1.06. The failure length correspond-
ing to the minimum three-dimensional factor of safety is 476
ft. (4.7 x 101.2).
3. From Fig. 8.15 it can be seen that ellipsoidal shear
*
The total failure length (2L = 455 ft.) consists of a
cylindrical part with length 2k, = 220 ft. and two end ellip-
soids each having a length k = 115 ft.
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surfaces give lower values of F/F0 than conical surfaces.
Therefore ellipsoidal shear surfaces are more likely to repre-
sent the actual failure surface.
In order to investigate the effect of the longitudinal
(out-of-plane) stress, o , on the three-dimensional factor of
safety, two computer runs were made utilizing the FV strength
profile. In the first run, the K values, expressing the
ratio of a to a v for all soil layers having $ # 0, were re-
duced from K = K to K =K =[(1 - sin )/(l + sin )]. In
o a
the second run we set K = K = 1/K . The results in Fig.
8.16 showed that a decrease in K reduces both the minimum fac-
tor of safety and the associated failure length. By decreas-
ing K from K to Ka , F/F0 decreased from 1.22 to 1.16 and the
failure length decreased from 455 to 420 ft. Conversely, in-
creasing K to K resulted in F/F 0 = 1.42 and a failure length
p
of 1700 ft.
8.1.5 Summary and Conclusions for the 1-95 Failure
The 1-95 test section involved the construction to fail-
ure of an embankment on partially consolidated Boston Blue
Clay. Total stress ($ = 0, c = s ) stability analyses per-
formed using the vield vane, FV, and the SHANSEP-S u()
strength models showed that the minimum plane strain factor
of safety FO was equal to 0.89 and 0.82, respectively. The
end effects were estimated by evaluating F/F 0 from three-
dimensional analyses performed by the program STAB3D. From
this case study, the following conclusions can be advanced:
252
16 20
Figure 8.16 Effect of the Longitudinal Stress on the Stability
of The 1-95 Embankment Station 263
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1. The SHANSEP-Su (0) strength model, which accounts for
strength anisotropy and strain compatibility along a circular
shear surface, yielded a three-dimensional factor of safety F0
between 1 to 1.06 at failure and is, therefore, considered
satisfactory.
2. The FV strength model overestimated the three-dimen-
sional safety factor by about 9 to 17%. A FV correction fac-
tor, y, between 0.85 and 0.92 should, therefore, be multiplied
by the measured FV strength in embankment stability computa-
tions on Boston Blue Clay.
3. If the three-dimensional nature of the failure is
neglected (by relying on plane-strain analyses), a correction
factor y = 1.1 for the FV strength of Boston Blue Clay will
be erroneously reached.
4. End effects expressed by the ratio F/F 0 are not sig-
nificantly affected by the strength model used (see Fig. 8.15).
However, the plane strain safety factor, F0 , increases by 9%
when the FV strength is used instead of the SHANSEP-S u(6)
strength model.
5. The end effects are affected by the longitudinal
(out-of-plane) stress, a, because of the frictional fill
materials in the embankment and the upper part of the founda-
tion. An increase in K (=ay /a ) from Ka to K , and K p, in-
creases (F/FO). from l.1 6 to 1.22 and 1.42, respectively. Since
the actual value of K is difficult to estimate, we used K =
K in all of our analyses.
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6. The computed failure length corresponding to (F/F)min
is substantially shorter than the observed failure length. In
general, the failure langth is difficult to predict because
of its sensitivity to the input parameters. For example, when
K is increased from K to K , the failure length increased 500%,
whereas the safety factor increased by only 22%.
7. Strength anisotropy of Boston Blue Clay can be accoun-
ted for in plane strain circular arc stability analyses by us-
ing an average shear strength equal to 0.45 times the sum of
the vertical and horizontal strengths. The direct simple
shear strength underestimates the average anisotropic strength
by 10%.
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8.2 EXPERIMENTAL TEST SECTION, PORTSMOUTH, NEW HAMPSHIRE
8.2.1 Site Description
The Experimental Test Section, ETS, at Portsmouth, New
Hampshire, was conducted to investigate the shear strength
and the consolidation characteristics of a soft, very sensi-
tive marine illitic clay at the junction of Interstate Route
1-95 and U.S. Route 4. The project is described in detail by
*
Ladd (1972), and Ladd et al. (1972).
Figures 8.17 and 8.18 show a cross section and a plan
view of the embankment. Its west and east sides have slopes
of 4:1 (4 horizontal to 1 vertical) and 8:1, respectively.
The crest of the ETS was about 225 ft. long in order to ap-
proximate plane strain conditions. Based on a preliminary
estimate of the in situ shear strength, the west slope was
designed to fail at a height of about 15 ft. Since actual
failure occurred when the embankment height was about 21.5
ft., a steeper slope above El. 33 ft, was required,
8.2.2 The Failure
A massive failure took place when the embankment eleva-
tion was at 41.5 ft. The crest dropped about 10 ft. and the
toe heaved a similar amount along most of the embankment.
The longitudinal extent of the shear surface was approximately
*
The firm of Haley and Aldrich, Inc. was the soils con-
sultant to the State of New Hampshire Department of Public
Works and Highways for this project.
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300 ft. (Fig. 8.18), and no visible cracks were observed in
the embankment during the afternoon preceding the failure,
which occurred at night.
8.2.3 Determination of the Soil Properties
Embankment Fill - The fill for the embankment consisted
of a fairly clean, well graded sand. A unit weight, yt
115 pcf and a friction angle, 4 = 40*were used for the embank-
ment fill below El = 35.5 ft. Above this elevation we as-
sumed yt = 110 pcf and ( = 30.
Foundation Clay - The clay stratum consists of 25 to 30
ft. (see Fig. 8.19) of soft, very sensitive marine illitic
clay (w = 50 + 5%, w = 35 + 5%, wp = 20 + 2%). An exten-
sive testing program to determine the clay properties, Ladd
(1972), consisted of: 1 - standard auger and wash borings
for soil identification and determination of the depth of the
clay layer; 2 - in situ Geonor field vane, FV, tests; 3 -
laboratory tests on specimens obtained from 3- and 5-inch un-
disturbed tube samples. These tests included: conventional
incremental oedometer tests, unconfined compression tests on
vertical (U ) and horizontal (UH) samples, isotropically con-
solidated - undrained triaxial compression tests with pore
pressure measurements (CIUC), anisotropically consolidated-
undrained triaxial compression tests with pore pressure meas-
urements (CAUC), and K consolidated-undrained tests with pore
pressure measurements under various stress systems including
plane strain compression (CK0UPSC) plane strain extension
(CK0UPSE) and Geonor direct simple shear (CK0UDSS).
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Figure 8.20 shows the range of maximum past pressures,
U vm, used in the subsequent stability analyses. Part of the
scatter is due to whether Y was determined by using data at
vm
the end of primary consolidation (about 25 minutes) or data
after 12 hrs (Ladd et al., 1972). Additional scatter is
also caused by inevitable sampling and testing disturbances.
Geonor field vane, FV, test results are shown in Fig.
8.19. The sensitivity of the clay layer, defined as the ratio
of the remolded to the undisturbed strengths, varied between
10-15. The FV profile used in subsequent stability analyses
is shown in Fig. 8.19.
The normalized undrained shear strength ratios, su /a vc
varied considerably with the stress system. The values ob-
tained at OCR 1 are (Ladd and Edgers, 1972):
s(PSC)-su 
=PSC 0. 350;
vc
s (PSE)
u 
- 0.155; and
avc
s u(.DSS)
(DS = 0.204,
vc
where su = 
-a 3 f, except for DSS tests where su
(T h max. Unfortunately, no tests were performed on overcon-
solidated Portsmouth Clay. However, Ladd et al. (1977) show
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that the relationship [(sn at a )/(s at v m)] vs. OCR for
6 clays of widely different plasticity indices is roughly the
same. Therefore, in order to estimate the shear strength at
different OCR's, we used the results of reconsolidated Boston
Blue Clay, BBC, which is a similar illitic, sensitive, silty
clay. This was achieved by plotting [(su at avc)/(su at avm
vs. log OCR (Fig. 8.21) utilizing the data given in Table 8.1
for BBC. For a particular stress system, su /vc for the Ports-
mouth Clay at any OCR is thus estimated from the expression
(see Ladd, 1975a for details):
s vc = [s /vc at OCR = 1 for the Portsmouth Clay] x
[(su at vc)/(s at vm ) value in Fig. 8.21 at
this OCR] x [OCR].
For example, to find the value of s (PSC)/Gvc at OCR = 4, we
note that s /H at OCR = 1 for the Portsmouth Clay = 0.350.
u vc
From Fig. 8.21, the ratio [(su at avc)/(s at a m)] at OCR= 4
for this stress system = 0.699. The required strength ratio
is thus:
s (PSC)/ar at OCR of 4 = 0.35 x 0.699 x 4 = 0.978
u vc
This procedure was carried out up to OCR = 16 for the three
stress systems under consideration. The computed shear
strengths are given in Table 8.7. Since complete stress-
strain data are not available for the PSC and PSE modes of
failure for Portsmouth Clay, adjustments for strain compati-
bility were performed on the basis of BBC data in Figs. 8.6
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Figure 8.21 Decrease in Strength with Rebound for Boston
Blue Clay
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Table 8.7 Undrained Shear Strength Ratios for
the Portsmouth Clay, N.H.
(I) su = 1/2(a 1 - a 3) f
(2) su = (Th)max
265
(i) (2) (1)
0 C R su(PSC) s u(DSS) Su(PSE)
vc vc vc
1 0.350 0.204 0.155
2 0.587 0.372 0.302
4 0.978 0.617 0.547
6 1.291 0.816 0.749
8 1.540 0.989 0.930
12 1.956 1.261 1.228
16 2.268 1.469 1.448
and 8.7. The PSC strength was thus reduced by 10% for OCR
< 8, the PSE strength was reduced by 6% for OCR < 6, and no
reduction applied at higher OCR's. Similarly, no reduction
was applied to the DSS strength.
Figure 8.22 gives the anisotropic undrained strength
parameters as a function of OCR. The shear strength ratios
plotted in Fig. 8.22 correspond to the shear stress on the
failure plane at failure, T ff The b/a values were obtained
according to the procedure presented earlier for the 1-95
failure.
8.2.4 Stability Analyses
Total stress stability analyses (< = 0, c = s u) were per-
formed utilizing the field vane, FV, and the SHANSEP-S (e)
strengths as in the case of the 1-95 failure.
Two-Dimensional Analysis Based on Field Vane Data. The
FV profile used in the analysis is shown in Fig. 8.19. The
input parameters for the computer program STAB3D are given in
Table 8.8. The results of the FV stability analyses are shown
in Fig. 8.23, where the FV plane strain factor of safety =
0.91. Fig. 8.23 also shows that good agreement exists between
the results of STAB3D and ICES-LEASE II (Dawson, 1972). The
MIT method, described in Chapter 6, gave the same factor of
safety as the Modified Bishop analysis, but the corresponding
circles are slightly different, and lie about 3 ft. below the
actual failure circle.
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Figure 8.22 Anisotropic Undrained Strength Parameters
For Portsmouth Clay, N.H.
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Table 8.8 STAB3D Input Parameters Utilizing the Field Vane
Strength Model for Portsmouth Clay
Soil yt c or su (2) K (1) Soil Type
No. (pcf) (psf)
1 118 1000 0 - Crust
2 130 0 40 0.357 Embankment Fill
3 115.5 0 40 0.357 Embankment Fill
4 110 0 30 0.500 Embankment Fill
5 130 0 30 0.500 Sand and Silt
6 62.4 0 -- -- Water
7 118 400
8 109 240
9 109 250 0 -
10 109 300 Portsmouth Clay
11 109 235
12 120 265
13 120 300
(1) K = out-of-plane stress
(2) From Ladd (1972)
vertical stress
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Two-Dimensional Analysis Based on SHANSEP-S Ce) Data,
The SHANSEP strength profiles were computed on the basis of
the minimum, average and maximum values of avm shown in Fig.
8.20. These maximum past pressure values are slightly lower
than those reported by Ladd (1972). The results of these com-
putations are given in Table 8.9 and the strength profiles are
illustrated in Fig. 8.24. Table 8.10 presents the input param-
eters used for the STAB3D analysis. Figure 8.25 shows the slope
analyzed, the band in which the critical circles corresponding
to different profiles of a2 fall, as well as the actual fail-
vm
ure circle. The computed plane strain minimum safety factor,
F0 , varies between 0.77 and 0.94 depending on Cm For the ac-
tual failure circle, F0 varied between 0.78 and 0.96. The re-
sults of two-dimensional stability analyses are summarized in
Table 8.11. The average shear strengths along the critical
failure arc corresponding to the average G profile (Fig. 8.20)
vm
were computed. The average shear strength along the critical
circle corresponding to the DSS, 0.5[s u(V) + s (H)] and su ()
strengths are 328, 310 and 266 psf, respectively. This means
that strength anisotropy in circular arc analyses involving the
Portsmouth Clay can be taken into consideration by using an
equivalent average strength equal to 0.43 Isu (V) + su (H)]. The
DSS strength overestimates this strength by 23%.
Three-Dimensional Analysis. The end effects were deter-
mined by means of the program STAB3D assuming a uniform cross
section for the embankment within the 300-foot long shear sur-
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Table 8.9 SHANSEP-Su (0) Undrained Strength for Portsmouth Clay
Minimum Profile Average Profile Maximum a Profile
vm vM VIE
0 ff (V) T ff (V) OC Tff(V) - *V
l VO *E (e b/a -- OCR 0 ff(V) i b a ff Tf(V)
(ft) (psf) (pOf) vc (psf) vc (pef) (pef) vc (psf)
15 275 3000 10.91 1.46 402 0.62 0.83 4500 16.36 2.00 550 0.66 0.80 5700 20.73 2.44 670 0.68 0.79
10 525 1100 2.10 0.48 252 0.54 0.95 1500 2.86 0.60 315 0.56 0.94 1800 3.43 0.68 357 0.57 0.93
5 775 875 1.13 0.30 229 0.48 0.96 1070 1.38 0.34 264 0.51 0.96 1275 1.65 0.40 310 0.52 0.96
0 1000 1100 1.10 0.29 287 0.48 0.95 1300 1.30 0.33 330 0.50 0.96 1500 1.50 0.37 370 0.52 0.96
-5 1225 1345 1.10 0.29 352 0.48 0.95 1545 1.26 0.32 392 0.50 0.96 1730 1.41 0.35 429 0.51 0.96
-10 1525 1625 1.07 0.28 427 0.47 0.95 1825 1.20 0.31 470 0.49 0.96 2025 1.33 0.34 519 0.50 0.96
-14 1750 1850 1.06 0.28 490 0.47 0.95 2050 1.17 0.30 525 0.48 0.96 2250 1.29 0.33 569 0.50 0.96
* aI values are slightly lower than those reported by Ladd (1972)
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Table 8.10 STAB3D Input Parameters Utilizing the SHANSEP-S (e)
- -- -..- U
Strength Model for Portsmouth Clay, N.H.
Minimum vM Average U Maxioum a
Soil (1)RVI f 04)(5t a -(2) i(3) su e u K Soil Type
No. (pcf) (psf) (psf) (psf)
1 118 1000 - -T 1000 - 1000 - - - 0 - Crust
2 130 40 0.357 Embankment Fill
3 115.5 j 40 0.357
4 110 0 0 0 0 0 0 0 0 - 30 0.500
5 130 1 1 30 0.500 Sand and Silt
6 62.4 -- Water
7 118 258 0.27 0.21 349 0.240 0.210 419 0.23 0.21
8 109 182 0.32 0.10 221 0.310 0.100 259 0.29 0.10
9 109 191 0.35 0.10 223 0.330 0.100 258 0.32 0.10 60 0 - Portsmouth Clay
10 109 250 0.35 0.10 285 0.330 0.100 341 0.32 0.10
11 109 326 0.35 0.10 356 0.340 0.100 394 0.33 0.10
(1) u [ (V) + s(H)]2 u u
1-
(2) e M -
1+K
(4) f* - angle between the major principal plane
and the failure plane
-2
a
(5) K - out-of-plane stress() K vertical stress
LI
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Figure 8.25
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Results of Two-Dimensional Stability Analysis Utilizing the SHANSEP-S u()
Strength Model, Experimental Test Section, N.H.
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Summary of Plane Strain Stability Analysis of the ETS, N.H.
Circle Plane
Strength Method of Strain Remarks
Model Analysis OX OY OR Safety
(ft) (ft) (ft) Factor
FV Bishop 170. 50.12 64.13 0.91 STAB3D
FV MIT 176. 54 68 0.91 STAB3D
FV Bishop 169.5 50.5 64.5 0.90 LEASE II
FV Bishop 175. 51 60.5 0.92* STAB3D
FV MIT 175. 51 60.5 0.93* STAB3D
P-4
170. 58 66.2 0.77 Min. a
vm
H- 171. 51 65 0.85 Ave. a
vm
171.5 51 65.5 0.94 Max. 0
vm
175. 51 60.5 0.78* Min.
z vm
175. 51 60.5 0.87* Ave. ao a vm
: 175. 51 60.5 0.96* Max.
* Corresponding to the actual failure circle
rN)
U,
Table 8. 11
face. Figure 8.26 shows a plot of F/F 0 vs. 2L/DR obtained
from the stability analyses utilizing the FV and SHANSEP-
S u(6) strength models. The results show that:
1. Using the FV strength profile, the plane strain anal-
ysis gives DR = 42.4 ft. For a failure length 2L = 300 ft.,
we get 2L/DR = 7.1 and Fig. 8.26 shows that this corresponds
to F/F 0 = 1.1, i.e., based on the actual failure length, end
effects increase the FV plane strain factor of safety by 10%.
The FV three-dimensional factor of safety F is thus equal to
0.91 x 1.1 = 1.0.
2. Using the SHANSEP-S (e) strength model, the end ef-
fects (F/F0 ratio) are independent of the avm profile used
(maximum vs. average vs. minimum).
3. The end effects (F/F0 ratio) are virtually indepen-
dent on the strength model used, i.e., FV vs SHANSEP-S (8).
4. Using the SHANSEP-S (0) strength model, the plane
strain analysis gives DR = 44.1 ft., which is practically the
same for the three critical circles corresponding to the three
Gvm profiles under consideration. The ratio 2L/DR is thus
equal to 6.8, and Fig. 8.26 shows that the corresponding
F/F0 - 1.10. The three-dimensional safety factor, F, for
the minimum, average and maximum avm profiles is thus = 0.85,
0.94 and 1.03, respectively. When the actual failure circle
is used, the corresponding values of F are 0.86, 0.95 and
1.06, respectively.
5. Ellipsoidal shear surfaces gave lower factors of
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12
safety than conical surfaces, and are, therefore, more likely
to represent the actual shear surfaces.
In order to estimate the length of the cylindrical por-
tion of the shear surface, 2Xc, we determined F/F0 for differ-
ent values of 2c, keeping the total failure length 2L = 300
ft. Results in Fig. 8.27 show that the critical cylinder
length 2Zc = 220 ft. (= 5.20 x 42.4) when the FV strength is
used, and 2Zc = 195 ft. (= 4.42 x 44.1) when the SHANSEP-S u(
strength is used.
8.2.5 Summary and Conclusions for the ETS, Portsmouth, N.H.
This case study involves the failure of a 20-ft. embank-
ment which was rapidly constructed over a 30-ft. deposit of
soft, very sensitive marine clay. We performed two- and three-
dimensional total stress stability analyses utilizing the
field vane, FV, and the SHANSEP-Su () strength models. We
found the FV plane strain factor of safety F0 = 0.91, in
agreement with stability computations conducted by Ladd (1972).
Due to a significant scatter in the maximum past pres-
sures, the SHANSEP-Su () strengths were determined for three
different a profiles representing the minimum, average and
vm
maximum estimated values of ovm (Fig. 8.20). Stability anal-
yses based on these avm profiles resulted in minimum plane
strain factors of safety F0 = 0.77, 0.85, and 0.94, respec-
tively.
The end effects were obtained by determining the ratio
F/F0 corresponding to the observed failure length (Fig. 8.26).
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For both strength models considered, we found F/F 0 1 l.1,
i.e., the three-dimensional effects increase the plane strain
factor of safety by 10%. The analysis of this case study also
showed that:
1. The field vane strength profile yielded "perfect" re-
sults (F = 1.0). This suggests that no correction of the FV
strength is required for stability analyses involving this
Portsmouth Clay.
2. Three-dimensional factors of safety based on the
SHANSEP-S (8) strength are F = 0.85, 0.94 and 1.03 for the
three profiles of a vm considered. This suggests that the ac-
tual a distribution is closer to the upper bound shown in
vm
Fig. 8.20. Simon (1972) reached the same conclusion by com-
paring the results of finite element analyses to the observed
performance of the embankment. Furthermore, based on field
settlement observations during consolidation under highway
support fills, Ladd et al. (1972) concluded that the in situ
maximum past pressures of the Portsmouth Clay was about equal
to the upper limit of the range shown in Fig. 8.20 and possi-
bly higher. This means that the SHANSEP strength model leads
to an unconservative estimate (~5%) of the in situ undrained
shear strength of the Portsmouth Clay.
3. As in the case of the 1-95 embankment, the end ef-
fects, expressed by the F/F 0 ratio, are not sensitive to the
strength model used in the stability analysis.
4. Strength anisotropy of Portsmouth Clay can be accoun-
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ted for in plane strain circular arc stability analyses by
using an equivalent average strength equal to 0.43 times the
sum of the vertical and horizontal strengths.
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8.3 NEW LISKEARD EMBANKMENT FAILURE, NEW LISKEARD, CANADA
8.3.1 Site Description
In 1960, the Ontario Department of Highways (now called
the Ministry of Transportation and Communications) proposed
construction of a bypass for Highway No. 11 near the town of
New Liskeard in northern Ontario, Canada (see Fig. 8.28). The
approaches to an Ontario Northland Railway (O.NR.) crossing
necessitated the construction of a 30-ft.-high embankment on
a deep deposit of varved clay cemented in glacial Lake Barlow-
Ojibway. Figure 8.29 presents a plan view and a profile of
the construction site and the soil conditions. Nine feet of
stiff silty clay overlie approximately 140 ft. of soft to
medium stiff varved clay. A thin deposit of very dense silty
sand and gravel is encountered above bedrock. Because of the
low strength of the varved clay, a stage construction scheme
was adopted for the approach embankments to the railroad over-
pass. The fill material consisted of gravelly sand with cob-
bles and boulders and traces of silt and sand, and was placed
in two- to three-foot lifts.
8.2.2 Failure
On June 27, 1963, the embankment fill between Sta 804+50
and 807+75 failed without warning (no visible cracks) just af-
ter a lift had been completed. The movements were terminated
within one minute. Figure 8.30 shows a plan of the failure
area and an adjacent test section. The height of the fill
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oFigure 8.28 Project Location (From Lacasse et al., 1977)
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Figure 8.29 Description of Project and Soil Conditions
(From Lacasse et al., 1977)
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within the middle of the failure was 19 to 20 ft., gradually
decreasing to 12 ft. at Sta 808+00. To the east of Sta 805
+25 the half-width of the embankment crest was 28 ft., where-
as at the test section it increased to 45 ft.
The longitudinal extent of the shear surface was approxi-
mately 325 ft. and the average height of the fill within the
region of failure was 18.5 ft. For a more complete descrip-
tion of the slide and the soil properties, the reader is re-
ferred to Lacasse and Ladd (1973) and Lacasse et al. (1977).
8.2.2 Soil Properties
Embankment Fill. The fill for the embankment consisted of
a gravelly sand with cobbles, boulders and traces of silt and
clay. A unit weight, yt = 130 pcf and a friction angle,
T = 40*, were used for this embankment fill (Lacasse et al.,
1977).
Foundation Clay. The soil profile consists of about 140
ft. of soft to medium varved clay having a 9-ft. silty clay
crust. The undrained shear strength of this crust is estima-
ted at 1000 psf in the upper 6 ft. and 800 psf below. The
crust is underlain by varved clay consisting of alternating
layers of "silt" and "clay" with approximate thicknesses of
1/2" and 3/8", respectively. The natural water content
varies between 24 and 30% in the "silt" layers and between
60 and 80% in the"clay"portion. The corresponding values of
the plasticity indices, P.I., are 10 + 6% and 47 + 13%, re-
spectively (Lacasse and Ladd, 1973). The New Liskeard Varved
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Clay, NLVC, is believed to have a high degree of natural
cementation.
Figure 8.31 presents the stress history of the NLVC
deposit. Due to a downward seepage gradient of about 0.23,
the initial vertical effective stress, avo' exceeds the hydro-
static value. Also shown on Fig. 8.31 is the range of maxi-
mum past pressures, Yvm' obtained from all available oedome-
ter tests (see Lacasse and Ladd, 1973, for details).
Locations of field vane tests conducted along the align-
ment of Highway No. 11 are shown in Fig. 8.29. According to
Lacasse et al. (1977), Stations 805+50 and 806+00 (Fig. 8.30)
represented the most critical sections along the embankment.
Stability analyses based on the same FV strength at both Sta-
tions showed that the factor of safety at Sta 805+50 is 2 to
3% lower than that at Sta 806 (Lacasse et al., 1977). There-
fore, subsequent stability analyses will be restricted to
Sta 805+50. The FV strength profile used in the stability
analyses is shown in Fig. 8.32 and represents the average
strength between Sta 804+50 and 808+00 (includes Borings 17,
19, 21, 12, 13 in Fig. 8.30). This profile is the FV profile
denoted No. 1 by Lacasse et al. (1977).
Laboratory tests to evaluate the undrained shear strength
of the NLVC included: unconfined compression (UC) tests, un-
consolidated undrained triaxial compression tests (UU) and
isotropically consolidated triaxial compression tests with
pore pressure measurements (CIUC). Lacasse and Ladd (1973)
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give the results of CK UDSS tests run by Carlsen at the Uni-
versity of Toronto on samples from the Wabi river bank, about
0.3 miles east of the failure area. Based on these tests,
the su /vc for the normally consolidated "clay" samples is
equal to 0.22.
Unfortunately, no data are available on the strength
anisotropy for the NLVC. Hence, the SHANSEP-Su () strengths
were estimated from test data on the noncemented Connecticut
Valley Varved Clay, CVVC, reported by Ladd (1975a). This was
achieved by assuming that the ratios s (PSC)/s (DSS), and
u u
s u(SE)/s u(DSS) are the same for both types of clays.
The best estimates, after correcting for strain compati-
bility and strain rate effects, of the shear strength ratios,
s /ac , at OCR = 1 for the CVVC are (see Ladd, 1975a for de-
u vc
tails):
(PSC) = 0.21
vc
su(PSE)
= 0.20
vc
s (DSS)
- = 0.15
vc
where s u is the shear stress on the failure plane at failure,
T ff. The corresponding ratios for the NLVC are thus:
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s (PSC) = 0.28
vC
(PSE) = 0.26
vc
vc
The ratio s u(DSS)/avc was reduced 10% from that given by Carl-
sen to account for strain rate effects. The large difference
in the s (DSS)/ac ratios (0.20 vs. 0.15) obtained for the
u vc
New Liskeard and Connecticut Valley Varved Clays is believed
to be due to the large degree of natural cementation exhibited
by the NLVC.
The input parameters describing the extended Davis and
Christian ellipsoidal model were obtained as follows:
1 - For OCR = 1,
S T ff(PSE) T ff(PSC) 0.26 0.93
s 0.28
vc vc
2 - The direction of U in a DSS test was estimated as
described earlier in the 1-95 case study. The friction angle,
T, and cohesion intercept, c, defining the Mohr-Coulomb enve-
lope for NLVC were assumed equal to 23* and 0, respectively.
These values fall between the upper and lower envelopes for
the normally consolidated NLVC reported by Carlsen (see La-
casse et al., 1977). The Mohr circle drawn tangent to this
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envelope and passing through the point representing the
state of stress on the horizontal plane at failure shows
that 3i makes an angle i = 280 with the vertical direction
(Fig. 8.33).
3 - The ratios b/a were obtained by trial and error
from Eq. 5.8 such that su /vc (at i = 280) = Th(DSS)/avc'
The corresponding value at OCR = 1 is 0.67. The shape of
the elliptical strength plot is given in Fig. 8.34.
8.3.4 Stability Analyses
Total stress stability analyses ($ = 0, c = s ) were per-
formed utilizing the field vane and the SHANSEP-S u()
strength models.
Two-Dimensional Analysis Based on Field Vane Data. Anal-
yses employing the FV strength were conducted primarily to
compare the results of the program STAB3D with those obtained
by Lacasse et al. (1977) using the ICES LEASE-I computer pro-
gram (Bailey and Christian, 1969). The FV strength profile
is shown in Fig. 8.32. The input parameters for STAB3D are
given in Table 8.12. The value of the safety factor obtained
from STAB3D for this case = 1.16, which is about 4% higher
than that determined by Lacasse et al. (1977) with almost
identical failure circles (Fig. 8.35). The Modified Bishop
and MIT methods of analyses yielded exactly the same failure
surface and factor of safety,
One explanation for the "small" difference between the
results of LEASE-I and STAB3D may be due to the methods used
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wTable 8.12 STAB3D Input Parameters Utilizing the Field Vane Strength
Model for New Liskeard Varved Clay
(1)
Soil Yt c or su io K Soil Type
No. (pcf) (psf)
1 130 0 40 1.00 Embankment Fill
2 115 1000 -- Crust
3 115 800 Crust
4 105 330
5 105 390
6 105 460
7 105 475 0 - New Liskeard Varved Clay
8 110 535
9 110 645
10 110 725
11 110 795
12 110 882
out-of-plane stress
(1) K =
vertical stress
IL3
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Figure 8.35 Field Vane Total Stress Stability Analysis, New
Liskeard Embankment
690
670 F
650 F
0
I-
4cj
W
630 F
LEGEND PLANE STRAIN
METHOD SAFETY
CENTER CIRCLE FACTOR
o BISHOP -LEASE I 1.12*
o BISHOP-STAB3D 1.16
+ MIT - STAB3D
'.0
610
5901-
570
0
, I I I
I I II I I I
to divide the slope surface into slices. LEASE-I (and also
LEASE-Il) divides the width of the slope surface (defined as
the difference between the x coordinates of the left and
right ends) into a prescribed number of slices. On the other
hand, STAB3D divides the sliding mass, which is bounded by
the slope surface and the failure arc, into a prescribed num-
ber of slices. This difference between the two programs cau-
ses LEASE to consider more than one soil at the base of a
slice, and, therefore, may introduce errors in selecting the
strength parameters for this slice, especially if more than
two soils are encountered (Bailey and Christian, 1969). STAB3D
avoids this difficulty by dealing with one soil at the base
of each slice.
Two-Dimensional Analysis Based on SHANSEP-Su () Data.
Based on both laboratory and field strength tests, Ladd and
Lacasse (1973) concluded that the soil at the failure area
is slightly weaker than that at the adjacent test section
(Sta 802+50). This may imply a lower than average maximum
past pressure to exist within the failure area. Hence, the
SHANSEP-Su () strength profile was obtained utilizing the min-
imum a profile in Fig. 8.31. The corresponding anisotropic
undrained strength parameters are given in Table 8.13 and plot-
ted in Fig. 8.36. The input parameters for STAB3D are given
in Table 8.14.
*
For normally consolidated and slightly overconsolidated
clay,s /avm = constant.
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Table 8.13 SHANSEP-Su () Undrained Strength for New Liskeard
Varved Clay Based on the Minimum a Profile
T /av ff (psf)OCR ff vc f /El. a v OCR Ks b/af
(ft) (psf) (psf) DSS PSC PSE DSS PSC PSE
615 820 1160 1.41 0.26 0.37 0.34 213 303 279
612 1000 1060 1.06 0.205 0.29 0.27 205 290 270
610 1140 1140 1 228 319 296
605 1420 1420 1 284 398 369
600 1760 1760 1 352 493 458
595 2020 2020 1 404 566 525
590 2320 2320 1 0.20 0.28 0.26 464 650 603 0.93 0.67
585 2620 2620 1 524 734 681
580 2920 2920 1 584 818 759
570 3540 3540 1 708 991 920
550 4760 4760 1 952 1333 1238
UNDRAINED SHEAR STRENGTH, psf
200 400 600 800 1000
I
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Figure 8.36 SHANSEP-S () Undrained Shear Strength for the New Liskeard
U Varved Clay
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Table 8.14 STAB3D Input Parameters Utilizing the SHANSEP-Su ()
Strength Model for New Liskeard Varved Clay
(i) __(2) (s) o(4) _o (5)
Soil y s e d f # K Soil Type
No. (pcf) (psf)
1 130 0 0 0 - 40 1 Embankment Fill
2 115 1000 0 0 - Crust
3 115 800 0 0 Crust
4 105 299 -
5 105 293
6 105 346
7 105 430
8 110 511 0.036 0.551 60 0 New Liskeard Varved
9 110 587 Clay
10 110 668
11 110 749
12 110 873
su = 0.5[s u(V) + su (H)]
1-K
(2) e=
1 + K
S
(4) f = angle between major principal
plane and failure plane
(3) d = 1 - -
a
out-of-plane stress
(s) K =
vertical stress
0
0
(1)
Based on the SHANSEP-S u(6) strength, the minimum factor
of safety, FO = 0.94, and the corresponding critical circle
is shown in Fig. 8.37. The distribution of the shear strength
along the critical shear surface is also shown in Fig. 8.37.
The average shear strength along the circular arc (between
points A and B in Fig. 8.37) within the NLVC for the DSS,
0.5[s u(H) + s (v)] and s (6) strengths is = 271, 368, and
292 psf, respectively. This shows that, for this case, the
DSS strength will underestimate the average anisotropic
strength by about 7%. Strength anisotropy of the NLVC can be
accounted for in plane strain circular arc stability analysis
by using an equivalent average strength equal to 0.40 [s U(V) +
S (H)]. However, it should be noted that for varved clays,
the strength is at or near minimum for horizontal failures.
Hence, the use of [s (V) + s u(H)] to account for strength ani-
sotropy in noncircular (wedge-type) shear surfaces where large
portions of the failure surface are horizontal, may be unsafe.
Three-Dimensional Analysis. The end effects were evalu-
ated by means of the program STAB3D assuming the embankment
cross section at Sta 805+50 to be uniform within the failure
zone (Sta 804+50 to Sta 807+75). The analyses were performed
employing the FV and the SHANSEP-Su (e) strengths together with
the three-dimensional shear surfaces described in Chapter 2.
The results in Fig. 8.38 show that:
1. Using the FV strength profile, plane strain analyses
give DR = 34.8 ft. Hence, for a failure length, 2L = 325 ft.,
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Figure 8.37 Results of Two-Dimensional Stability Analysis
Utilizing the SHANSEP-Su (0) Strength Model
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Figure 8.38 Three-Dimensional Effects for the
New Liskeard Embankment
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2.4
2.2 |- LEGEND STRENGTH DR 2L FMODEL (FT) DR F*
FIELD VANE 34.8 9.34 1.070
- SHANSEP-Su(e) 34.8 9.34 1.0952.0
1.8
1.6
F
1.4
1.2
1.0
0.8
0.6
Shear Surface: ellipsoid
attached to a cyclinder
K: Ko
0 12
II
2L/DR = 9.34. The corresponding F/F 0 from Fig. 8.38 = 1.07,
i.e., based on the actual failure length, end effects in-
crease the FV plane strain safety factor by 7%. The FV
three-dimensional factor of safety is equal to 1.16 x 1.07
- 1.24.
2. Similarly, using the SHANSEP-S (0) strength model,
u
the plane strain analysis yields DR = 34.8 ft. Hence, for a
2L/DR value of 9.34, one finds from Fig. 8.38 that the corre-
sponding F/F 0 = 1.095, and the three-dimensional SHANSEP-S u0
factor of safety = 1.03.
3. Ellipsoidal shear surfaces gave consistently lower
values of the factor of safety than conical surfaces. Hence,
they are more likely to simulate the geometry of the actual
failure surface.
4. The end effects (F/F0 ratio) are virtually independ-
ent of the strength model used, i.e., FV vs. SHANSEP-S u(0).
8.3.5 Summary and Conclusions for the New Liskeard Case Study
Total stress stability analyses were performed on a 20-
foot-high embankment which was rapidly constructed to failure
on a deep deposit of saturated varved clay at New Liskeard,
Canada. Two strength models were considered: the first being
the measured field vane strength, and the second utilizing
the SHANSEP approach combined with the extended Davis and
Christian elliptical relationship (see Chapter 5). Two- and
three-dimensional analyses were carried out using the computer
program STAB3D.
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The results of the two-dimensional analyses yielded FV
and SHANSEP-Su () factors of safety = 1.16 and 0.94, respec-
tively. The SHANSEP-S u(6) strengths were based on the mini-
mum estimated avm profile in Fig. 8.31. Fair agreement was
obtained between the results of the two programs STAB3D and
ICES LEASE-I, and exact agreement between the Modified Bishop
and MIT methods of analysis.
The end effects (F/F0 ) were found to increase the FV and
SHANSEP-Su () plane strain factors of safety by 7 and 9.5%
respectively. Based on the results of these analyses, we
conclude that:
1. The SHANSEP-S (0) strength model, based on the mini-
u
mum a profile (Fig. 8.31), which accounts for strength ani-
sotropy and strain compatibility along the circular shear sur-
face, yielded a three-dimensional factor of safety, F, equal
to 1.03 at failure. The strengths based on an average avm
profile overpredicts the factor of safety at failure (Lacasse
et al., 1977).
2. Based on the FV strength, the factor of safety at
failure, F = 1.24. Therefore, a FV correction factor = 0.81
should be used with the field vane strengths in performing cir-
cular arc stability analyses on the New Liskeard Varved Clay.
3. End effects expressed by the ratio F/F0 are not sig-
nificantly affected by the strength model used (Fig. 8.38).
4. The effect of strength anisotropy in circular arc
stability analyses involving the New Liskeard Varved Clay can
305
be approximately taken into consideration by using an equiv-
alent strength of 0.40 [s u(V) + s u(H) ]. The DSS strength
will underestimate the average anisotropic strength by 7%
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8.4 FORE RIVER TEST SECTION, PORTLAND, MAINE
8.4.1 Site Description
The extension of Interstate 1-295 into Portland and
South Portland, Maine, required the construction of large
embankments on soft clay deposits located in the Fore River
area. To assist in the design of the highway, a test sec-
tion was constructed to evaluate different methods of ver-
tical sand drain installation. A plan of the Fore River
Test, FRT, section is shown in Fig. 8.39. The embankment,
which consisted of granular fill, was first to be raised to
El. 10 over an area 240 ft. square prior to installation
of the sand drains in the inner 120-ft.-square area of the
embankment. Fill was then to be placed to El. 20 over the
central area.
The original ground surface elevation averaged -3 ft.
(MSL). The soft organic clay extends to El. -25 + 8 ft. and
overlies a silty sand and gravel layer which has an artesian
pressure of five feet (Fig. 8.40). The project is described
in detail by Ladd et al. (1969)
8.4.2 The Failure
During the first stage filling to El. 10, an unexpected
failure occurred along the northern edge of the test section
in the area indicated by the cross-hatched portion of Fig.
*
Detailed studies of the slope failure were performed
by Haley and Aldrich, Inc., consultants to the Maine State
Highway Commission, the authority responsible for the project.
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8.39. Settlement platforms existing within the slide area
(S107 and S109 in Fig. 8.39) dropped 1.5 to 3.5 ft. and con-
tinued to settle for two weeks after the failure had taken
place (Ladd et al., 1969). The longitudinal extent of the
shear surface was approximately 240 ft.
8.4.3 Soil Properties
Embankment Fill. The granular embankment fill consisted
of a clean gravelly sand with an estimated total unit weight
Yt= 125 pcf and a friction angle P = 30* below the ground
water table (El. 4). The fill above the water table has
= 30* and yt = 110 pcf in the upper five and half feet and
yt= 130 pcf below.
Foundation Clay. The Maine Organic Clay is a soft organ-
ic clay with varying amounts of broken shells, organic matter
and sand lenses and pockets. The natural water content, wn'
varied from 30 to 80%, and the plasticity index, P.I.= 32+ 8%,
Due to the existence of 5 feet of artesian pressure in
the sand layer underlying the clay stratum, the initial ver-
tical effective stress is lower than that based on hydrostatic
conditions (Fig. 8.40). Several incremental oedometer tests
were conducted to estimate the distribution of the maximum
past pressures. Results of Casagrande construction method
based on data at the end of primary consolidation are shown
in Fig. 8.40.
The results of field vane, FV, tests from nine borings
at the FRT site showed considerable scatter (Fig. 8.40). The
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rate of rotation on these FV tests was 40 times faster than
that recommended by the ASTM specification (Ladd et al., 1969).
The FV strength of the clay = 525 + 150 psf over the entire
thickness of the layer.
Several K consolidated undrained tests under direct sim-
ple shear and triaxial compression stress systems revealed
that the undrained shear strength behavior of the clay is
essentially isotropic (Ladd et al., 1969 and Simon, 1972).
Hence, stability analyses were performed using both DSS and
FV strength data. The shear strength ratios s /vc , for dif-
ferent OCR's were reported by Ladd and Edgers (1972) and are
given in Fig. 8.41. Table 8.15 shows that the DSS shear
strength is quite uniform over the entire clay layer with an
average of 210 psf.
8.4.4 Stability Analyses
Two-Dimensional Analysis. Total stress stability analy-
ses ( = 0 and c = su) were performed utilizing the field vane
and SHANSEP-DSS strengths. The STAB3D input parameters for
both strength models are given in Table 8.16. The results of
plane strain analyses are shown in Fig. 8.42. The critical
circle is the same for both strength profiles and independent
of the method of analysis. The factor of safety, F 0 , ob-
tained by the MIT method, is 1% less than that obtained by
the Modified Bishop method.
Three-Dimensional Analysis. The end effects were evalu-
ated by means of the program STAB3D assuming a uniform embank-
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Figure 8.41 Anisotropic Shear Strength Parameters
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Table 8.15 SHANSEP-DSS Undrained Strength
Maine Organic Clay*
Average su =
* From Ladd et
210 psf
al. (1969)
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for
S
El av vm OCR - s
Vo Vii U
(ft) (psf) (psf) avc (psf)
-10 185 1000 5.40 1.14 211
-15 315 800 2.55 0.65 205
-20 450 740 1.65 0.45 203
-25 590 740 1.25 0.35 207
-30 730 765 1.05 0.30 219
Table 8.16 STAB3D Input Parameters for Fore River Test Section, Me.
Soil Yt _SHANSEP-DSS Strength su (FV) K Soil Type
No.ta U(pcf) su e d f
(psf)
1 110 0 - T 0 30 0.50 Embankment Fill
2 130 0 0 30 0.50 Embankment Fill
3 130 0 0 30 0.50 Underwater Fill
4 125 0 0 0 - 0 30 0.50 Underwater Fill
5 62.4 0 0 0 Water
6 103 210 525 0 Maine Clay
7 120 0 - 0 40 Sand and Gravel
.
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ment cross section within the 240-foot-long shear surface,
Plane strain analyses yielded a value of DR = 33.5 ft. For
a failure length, 2L, of 240 ft., we get 2L/DR = 7.20. The
corresponding F/F0 ratio from Fig. 8.43 = 1.07, i.e., three-
dimensional effects increase the plane strain factor of safe-
ty by 7%. Hence, the FV and SHANSEP-DSS three-dimensional
factors of safety are 2.05 and 0.86, respectively. The results
of the analysis showed that ellipsoidal shear surfaces gave
lower factors of safety than conical ones, and, therefore,
they are more likely to simulate the geometry of the actual
slope failure.
8.4.5 Summary and Conclusions for the FRT Case Study
This case study consists of a 20 ft. embankment construc-
ted on a tidal mudflat deposit of soft, silty, slightly organ-
ic clay. Laboratory tests showed that the foundation clay
has an isotropic undrained shear strength. Total stress sta-
bility analyses were performed utilizing the SHANSEP-DSS as
well as the FV strength models.
The results of the two-dimensional analyses yielded FV
and SHANSEP-DSS factors of safety, F0 = 1.92 and 0.80, respec-
tively. Excellent agreement was obtained between the Modified
Bishop and the MIT methods of analysis.
The end effects (F/F0 ) were found to increase the FV and
SHANSEP-DSS plane strain factors of safety by 7%. Thus, the
corresponding three-dimensional factors of safety = 2.05 and
0.86, respectively. This means that the FV strength should
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Test Section
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be reduced by a correction factor, p = 0.49 (1/2.05) in sta-
bility computations on Maine Organic Clay. Furthermore, the
SHANSEP-DSS strength of 210 psf corresponds to F = 0.86 and
is about 16% too low.
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8.5 DESIGN OF EMBANKMENTS USING THE FIELD VANE STRENGTH
In order to use field vane data, s u(FV) in stability
computations, Bjerrum (1972) introduced the concept of a
correction factor, y, such that the design strength for em-
bankments, s (design), can be estimated by the product
y x s u(FV). To determine y for different clays, Bjerrum
obtained the plane strain factor of safety, F*, based on
s u(FV) for a number of embankments which were loaded to fail-
ure and plotted y'(= 1/F") versus the plasticity index, P.I.,
as shown in Fig. 8.44 by the open triangles.* Since 1972,
additional embankment failures have been reported in the
literature. The FV correction factors for these failures
are shown in Fig. 8.44 (open circles).
However, since all of these cases correspond to three-
dimensional failures, where end effects can be significant,
more appropriate values of p should be based on three-dimen-
sional factors of safety at failure, F, rather than F0 . For
example, based on the field vane data at 1-95, Table 8,17
shows that F0 = 0.89 and F = 1.17. Without consideration of
end effects, Bjerrum's method estimates y =,8 = 1.12,0.189
whereas the actual value to provide the best estimate of the
shear strength for designs, s (design), should be y = 1 1
*Figure 8.44 gives the correction factors for cases where
the failure length is reported.
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1.4 1 1 1 1 1 1 NO. REFERENCE
Before including end effects I Ladd et al (1969)
- (neglected)
141 After including end effects 2 Ladd (1972)
1. 2 - 13
11 15 A After Bjerrum (1972) 3 Ladd (1975b)
4 Lacasse et al (1977)
0 - 5 Golder and Palmer (;975)0-47
LL6 Bjerrum's correction curve 6 Parry and MacLeod (1967)
8 07 Haupt and Olson (1972)
0 Average recommended 8 Dascal et al (1972)
correction curve ,Ave.
-9-10 Eide and Holmberg (1972)
0-'S.56_0 11-16 Flaate and Preber (1974)
17 LaRochelle et al (1974)
-~~ -
-ngetd v
18 Dascal and Tournier (1975)
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Figure 8.44 Field Vane Correction Factor
0.85. The difference between the two values of p is clearly
due to end effects which apply to the particular mode of fail-
ure that took place at 1-95. Therefore, in the design of em-
bankments on BBC, s (design), can be estimated on the basis
of field vane data and a correction factor, p(design) = 0.85.
This su (design) should be used in the analysis of three-dimen-
sional failures. Furthermore, this su (design) should also be
used in the two-dimensional analysis of plane strain failures.
Table 8.17 shows the appropriate correction factors, y,
for the four case histories considered herein (numbers 1
through 4) as well as for 14 additional embankment failures
reported in the literature. For each of these 14 cases, the
correction factor was computed as follows:
1. The values of DR and F0 were obtained from the re-
sults of plane strain analyses performed by the initial in-
vestigators of these case studies. DR is defined as the dif-
ference between the maximum and minimum radii of the shear
surface.
2. Based on the actual failure length, 2L, reported in
the literature, the value of 2L/DR was computed and the end
effects, F/F0 , obtained from Fig. 3.4.
3. Knowing F and F/F 0 , the three-dimensional factor of
safety, F, was determined and the correction factor y = 1/F
was computed.
It is important to note that Fig. 3.4 applies to homo-
geneous slopes of uniform cross sections, and is, therefore,
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Table 8.17 Field Vane Correction Factors
Two-Dimensional Analysis Three-Dimensional Analysis
No. P.I. 0(1) References
(%) F0  DR 2L 2L/DR F/F0  F (4) p(5)
(ft) (ft)
1 34 1.92 0.52 33.5 240 7.20 1.07 2.05 0.49 Ladd et al. (1969)
2 15 0.91 1.10 42.4 300 7.10 1.10 1.00 1.00 Ladd (1972)
3 20 0.89 1.12 108.2 1030 9.54 1.30 1.17 0.85 Ladd (1975b)
4 34 1.16 0.86 34.8 325 9.34 1.07 1.24 0.81 Lacasse et al. (1977)
*
5 82 1.52 0.66 32.0 215 6.72 1.11 1.69 0.59 Golder and Palmer (1955)
6 108 1.65 0.60 15.0 300 20.00 1.04 1.72 0.58 Parry and MacLeod (1967)
7 16 0.99 1.01 60.0 500 8.33 1.08 1.07 0.93 Haupt and Olson (1972)
8 47 1.53 0.65 34.0 400 10.95 1.06 1.63 0.61 Dascal et al. (1972)
*
9 85 1.46 0.68 22.0 250 11.36 1.06 1.55 0.65 Eide and Holmberg (1972)
10 85 1.61 0.62 25.5 250 9.80 1.07 1.72 0.58 "
11 8 0.87 1.15 10.0 54 5.40 1.13 0.98 1.02 Flaate and Preber (1974)
12 8 0.89 1.12 8.8 40 4.55 1.15 1.03 0.97 "
13 17 0.83 1.20 10.0 50 5.00 1.14 0.99 1.01 "
14 20 0.80 1.25 7.6 35 4.61 1.15 0.92 1.09 "
15 22 0.88 1.14 6.0 50 8.33 1.07 0.94 1.06 "
16 25 1.10 0.91 8.7 72 8.28 1.08 1.19 0.84 "
17 23 1.20 0.83 20.0 100 5.00 1.14 1.37 0.73 La Rochelle et al. (1974)
18 13 1.19 0.84 60.0 282 4.70 1.15 1.37 0.73 Dascal and Tournier (1975)
(1) y = 1/F0 (2) DR = Rmax - R (3) 2L = Total length of failure
(4) F/F0 obtained from Fig. 3.4, except for cases 1 through 4.
*
case studies considered by Bjerrum (1972)
L.3
believed to underestimate the end effects. For example, in
case of the 1-95 failure, the procedure based on Fig. 3.4 gives
F/F0 = 1.07, whereas the results of the detailed analysis in
Table 8.18 gives F/F 0 = 1.30, i.e., Fig. 3.4 underestimated
the end effects by about 20%.
The solid circles in Fig. 8.44 represent the corrected
values of p vs. P.I. The solid line in Fig. 8.44 corresponds
**
to the least squares fit for the cases considered, and is
about 10% lower than the correction curve recommended by
Bjerrum. A more detailed analysis of the failures taking into
consideration nonhomogeneity of the soil and variability in em-
bankment cross section is expected to increase the deviation
of the new curve from Bjerrum's.
Figure 8.45 shows the relationship between the average
values of y vs. P.I. together with the bands corresponding to
+ 1 and 2 standard deviations, s, of the data used. In practi-
cal design, the average curve, p ave. should be used to obtain
s (design). After an allowable factor of safety, Fall, is
selected, Fig. 8.45 can be used again to evaluate the reliabil-
ity of the embankment by plotting yall =ave. Fall at the P.I.
of the clay under consideration. If the point lies below the
2s band, the chances of a failure taking place is reasonably
*This large difference is believed to be due to the un-
usual loading conditions associated with the I-95 embankment.
*On the basis of a linear regression analysis between
1/y vs. P.I.
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low (below 3%, say). If the point lies within the 2s and
outside ls band, the possibility of an embankment failure
exists (between 3% and 17%, say). If the point lies within
the ls band, the probability of an embankment failure is high
**
(17% to 50%).
*Assuming a normal distribution.
** A more thorough three-dimensional analysis of all case
studies in Table 8.17 is expected to increase the failure proba-
bilities presented above.
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8.6 SUMMARY AND CONCLUSIONS
This chapter presents four case studies of embankments
rapidly loaded to failure on saturated clay foundations. Two-
and three-dimensional total stress (c = s and 4 = 0) circu-
lar arc stability analyses were performed utilizing two
strength models: 1) the (uncorrected) field vane strength,
su (FV) and 2) the Stress History and Normalized Soil Engineer-
ing Properties (Ladd and Foott, 1974) strength, which accounts
for strain compatibility along the shear surface and strength
anisotropy based on Davis and Christian's (1971) elliptical
model extended to three dimensions, SHANSEP-S (). Table 8.18
u
presents a summary of the results where one observes that:
1. The end effects F/F 0 , increase the plane strain fac-
tor of safety, F0 , by a maximum of 30% (1-95 case) and a mini-
mum of 7% (FRT case). Therefore, when three-dimensional ef-
fects are neglected in the analysis of test fills, the back-
calculated in situ shear strength can be slightly to signifi-
cantly overestimated.
2. The SHANSEP-S u(e) strength model, which accounts
for strength anisotropy and strain compatibility along the
circular shear surface, yielded factors of safety close to
unity at failure (except for the FRT case). However, the re-
sults of this model are influenced by the stress history of
the soil deposit as well as the failure length. Based on the
326
Table 8.18 Summary of Results from Case Studies
Two-Dimensional Analysis Three-Dimensional Analysis Correction Factor 
Comments
(2) "Applied to Field
Case Study Foundation Clay Field Vane Strength SBANSEP-S (6) 2L(2) Field Vane Strength, FV SHANSEP-S (6) (4)
.........- FV.______ _______..___._u Vane Strength,09
4
iop F D(R) (ft) R
3  
2L/DR F/F' F DR 2L/DR F/F
0  
F
F(Bshp F( ) F(Bishop) a (ft) (f)
_ _ _ _ 
ob 
_ 
serve
_P :e MIT) -fIlr lent e e
1. 1-95 Embankment,
Saugus, Mass.
2. Experimental Test
Section, Ports-
mouth, N.H.
3. New Liskeard
Embankment, New
Liskeard, Canada
4. Fore River Test
Sectiou, Portland,
Me.
108.2 4.20
1.30
1. 22 1.09 1101.2 4.70
.17 101.2 10.18 1.30 1.06
(5)
1.10
1.095
1.23 I 1.00 0.92
_______ _ I J - I I I- I- + I - I I I
0.77
0.85
0.94
0.94
0.45
0.40
300
325
42.4 1 7.10 I 1.101 1.00
34.8 9.341 1.07
44.1
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observed failure length and the best estimate of the stress
history profile at the 1-95 site, the three-dimensional fac-
tor of safety at failure, F = 1.06. Hence, the SHANSEP-s (a)
u
model for the 1-95 site is considered satisfactory. On the
other hand, the best estimate of the stress history profile
(corresponding to the average a profile) underestimated F
for the Experimental Test Section and the Fore River Test sec-
tion case studies, and overestimated it for the New Liskeard
*
Embankment failure.
3. Strength anisotropy can be accounted for in plane
strain circular arc stability analyses by using an equivalent
strength, s u(equ), given by:
su (equ) = [su (v) + su (H)]
For nonlayered soils, e.g., Boston Blue Clay and Portsmouth
Clay, a was found equal to 0.45, whereas for the New Liskeard
Varved Clay, a = 0.40. However, it should be noted that for
varved clays, the strength is at or near its minimum for hori-
zontal failures. Hence, the use of [s u(V) + S u(H)] to account
for strength anisotropy in noncircular (wedge type) shear sur-
faces, where a large portion of the failure surface is hori-
zontal, may be unsafe.
4. End effects, expressed by the ratio F/F0 , were not
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*Based on results from Lacasse et al., 1977.
significantly affected by the strength model used, i.e., FV
vs. SHANSEP-Su (). This means that for routine investigations
of three-dimensional effects, the FV strength can generally
be used without significant errors. This will reduce the com-
putational time by an order of magnitude.
5. The end effects are affected by the longitudinal
(out-of-plane) stress, T , because of the frictional properties
of the fill material. In the 1-95 case study, an increase in
K(= a /- ) from K to K and K increases the minimum ratio ofK v a 0 p
F/F0 from 1.16 to 1.30 and 1.42, respectively (Fig. 8.16).
Since the actual value of K is difficult to estimate, we recom-
mend the use of K = K
0
6. Following Bjerrum's procedure (1972), and in order
to use the field vane data, s u(FV), in the design of embank-
ments, Fig. 8.44 gives a plot of a FV correction factor, p,
versus the plasticity index, P.I., of the clay. The design
strength for embankments can then be estimated by theproduct
y1 X su (FV). These correction factors were obtained based on
the results of three-dimensional analyses (F at failure) for
the four case studies investigated herein, and for fourteen
additional embankment failures reported in the literature. Fig-
ure 8.44 shows that the new correction curve based on F is
about 10% lower than Bjerrum's curve, which was based on FO.
However, including the end effects in the correction factor,
y, did not significantly affect the scatter in 'u.
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CHAPTER 9
SUMMAFY AND CONCLUSIONS
This thesis investigates the three-dimensional stability
of slopes. The classical circular arc method of analysis is
extended to three-dimensional problems by replacing the cylin-
drical shear surfaces considered in plane strain failures by
two types of shear surfaces of revolution. The first consists
of a cone attached to a cylinder and the second consists of an
ellipsoid attached to a cylinder. The factor of safety is com-
puted by means of a computer program (STAB3D) developed for per-
forming three-dimensional analyses. Solutions are presented
in the form of design charts for the following problems:
1. The undrained stability of homogeneous slopes which
may exhibit an anisotropic shear strength.
2. The undrained stability of slopes with homogeneous
cross sections and a variable shear strength along their axis.
3. The undrained stability of homogeneous slopes with
isotropic strength subjected to surcharge loads.
4. The drained stability of homogeneous slopes.
Four case studies of embankments rapidly loaded to fail-
ure on saturated clay foundations are thoroughly analyzed.
The three-dimensional factor of safety, which accounts for
strength anisotropy and strain compatibility along the shear
surface, is compared to the actual value of unity at failure.
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Conclusions regarding the selection of an adequate shear
strength for stability computations on clay foundations are
then derived. The remainder of this chapter presents a sum-
mary of the results obtained from this study.
A. Undrained Stability of Homogeneous Slopes
Three-dimensional analyses conducted on homogeneous iso-
tropic cohesive slopes having a uniform cross section show
that:
1. The end effects (expressed by the ratio F/F0 ) in-
crease the factor of safety, F0 , obtained by means of a con-
ventional two-dimensional solution. This increase depends on
the ratio between the length of failure, 2L, and the depth of
failure, DR, defined as the difference between the maximum
and minimum radii of the shear surface. Fig. 3.4 shows that,
for long shallow failures where 2L/DR exceeds eight, the in-
crease in the factor of safety is less than 5% and can, there-
fore, be neglected. On the other hand, for short deep fail-
ures where 2L/DR is less than two, the increase in the factor
of safety can exceed 20% and the use of a three-dimensional
analysis is thus recommended.
2. For a certain ratio of 2L/DR, the slope angle has
little influence on the increase in the factor of safety due
to end effects. For a value of 2L/DR equal to six, the in-
crease in the factor of safety due to end effects is about 8%
for = 10*, whereas the corresponding increase for 6 = 90*
is about 12% (Fig. 3.4).
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3. For flat slopes, the three-dimensional effects (the
ratio F/F0 ) are influenced by the bedrock location expressed
by the parameter n in Fig. 3.4. In case of 6 = 450 (cot S=l),
when n increases from 1 (toe failures) to 2, the F/F0 value
at 2L/DR = 4 decreases by about 7%.
Clays often exhibit a significant anisotropy in their un-
drained shear strength, Ladd et al. (1977). Results of slope
stability analyses based on the Davis and Christian (1971)
model for strength anisotropy show that:
1. The plane strain factor of safety, F0 , can be signif-
icantly affected by the strength anisotropy. This effect be-
comes more pronounced when the anisotropy parameters b/a and
K, as well as the slope angle 6 decrease. For the case of
a vertical cut in an anisotropic soil with Ks = b/a = 0.5,
Fig. 5.6 shows that analyses based on the undrained shear
strength for compression in the vertical direction, s 'V),
will overestimate the factor of safety by about 45%. However,
this error can be reduced to 8% when the average strength,
(0.5[s u(V) + s u(H)]),is used.
2. End effects (F/F0 ) are not significantly affected by
strength anisotropy.
B. Undrained Stability of Slopes with Homogeneous Cross
Sections and Variable Strength Along Their Axis
The end effects in slopes having a uniform shear strength
along their axis increase the plane strain factor of safety.
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The critical failure length is thus infinite and corresponds
to the plane strain solution. Hence, in order to better simu-
late the field conditions, where actual failures are three-
dimensional, the variation of the shear strength along the
slope axis was considered. This was achieved by means of a
deterministic analysis followed by a probabilistic approach.
In the deterministic analysis a sinusoidal variation of
the shear strength along the slope axis was considered. Re-
sults in Fig. 7.7 show that:
1. The parameters m and 6 representing the amplitude and
the normalized half wave length of the strength model, respec-
tively, determine the mode of failure. For a given value of
m and large values of A, a failure with finite length will
take place. In this case, three-dimensional effects reduce
the plane strain factor of safety and, if neglected, can lead
to unsafe designs. By decreasing the value of X, the factor
of safety increases and the critical failure length decreases
until a certain value of X, beyond which the minimum factor
of safety equals the plane strain factor of safety and the
failure has an infinite length.
2. For finite failure lengths, the factor of safety de-
creases when either m or A increases.
3. For slopes with homogeneous cross sections, finite
failure lengths are shorter than half the wave length, 6, of
the strength variation.
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In the probabilistic analysis, the reliability of em-
bankments is estimated. The soil model considered is statis-
tically homogeneous and the inherent variability of the shear
strength constitutes the major uncertainty in the factor of
safety. Analyses were carried out assuming two types of proba-
bility distributions (the Gaussian and sinusoidal distribu-
tions) and three models for the spatial variability of the
shear strength.
The results of the probabilistic analysis show that:
1. For the case of the sinusoidal strength variation,
both the deterministic and probabilistic models give exactly
the same results. The wave amplitude factor, m, of the deter-
ministic model is equivalent to m in the probabilistic approach.
The parameter m is the product of the reliability index, Ri,
(corresponding to a certain probability of failure) and the
coefficient of variation of the shear strength, c/C.
2. The failure length of a slope depends on the autocor-
relation distance, 6*, describing the spatial variability of
the shear strength, and m (= R ). This is similar to the
c
case of the deterministic analysis where the failure mode is
affected by 6 and m.
3. For fixed values of m and 6*, the effect of different
shear strength spatial variability models on the minimum fac-
tor of safety is not significant.
334
C. Undrained Stability of Slopes Subjected to Surcharge
Loads
The undrained stability ($ = 0, c= s u) of homogeneous
slopes subjected to infinitely long line and strip loads, as
well as line loads of finite length and square loaded areas,
were considered. Results show that:
1. The critical surcharge load to cause failure of a
cohesive slope of height H possessing a uniform strength, c,
and a unit weight, Y (Fig. 4.1) depends on six dimensionless
parameters grouped into two categories. The first describes
the slope and consists of the stability number, yH/c, the
slope angle 8, and the bedrock location expressed by the
parameter n. The second set of parameters describes the load
by means of the width ratio, B/H, length ratio, L /H, and the
normalized edge distance from the edge of the slope, A/H.
2. For a slope subjected to a surcharge load, failure
can take place according to one of two modes: a) Bearing
capacity, where the failure surface does not intersect the
slope (bearing capacity theories for horizontal ground sur-
faces are applicable to such modes of failure); and, b) slope
failure, where the critical shear surface extends beyond the
crest and hence involves part of the slope.
3. Results for line loads show that three-dimensional ef-
fects become significant whenever L p/H is less than unity and
are especially important when the factor of safety of the
slope due to own weight only is close to unity. For many
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practical situations, three-dimensional effects would in-
crease the plane strain critical load by a factor of 5 to 10.
D. Drained Stability of Homogeneous Slopes
The drained stability of slopes where the shear strength
obeys the Mohr-Coulomb criterion was considered. In such
cases, the stability problem is statically indeterminate and
the normal effective stresses, aN, along the shear surface
must be assumed in order to estimate the factor of safety.
This was achieved by adopting simplified procedures which are
aimed at estimating "reasonable" bounds on aN'
Two methods of analysis were used to estimate aN: The
Ordinary Method of Slices (OMS), and the MIT method (MIT). In
the OMS, all interslice forces are neglected and aN is ob-
tained from equilibrium in a direction normal to the base of
the slice. In two dimensions, the MIT method assumes that
the vertical overburden stress is either a major or a minor
principal stress at failure, depending on whether the inclina-
tion of the base angle, 0, is positive or negative, respec-
tively. In three dimensions, the longitudinal (out-of-plane)
effective stress, ag, is also assumed to be a principal stress
and given by the ratio K(= a /T ). Knowing the principal
stresses, aN can be easily computed.
A parametric study was performed for different slope
angles, 6, and frictional strength parameter, A (= -:H tan$),
c
to evaluate the effect of these assumptions on the two- and
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three-dimensional factors of safety. The results show that;
In two Dimensions
1. Similar to the Ordinary Method of Slices (OMS), the
MIT method provides an explicit expression for the plane
strain factor of safety, F 0 , and thus avoids the iteration
required by the Modified Bishop (MB) method. This reduces
the computer time significantly and enables extensions of
the method to three dimensions to be easily performed. How-
ever, the MIT method predicts factors of safety that are clo-
ser to the ones predicted by the widely used Modified Bishop
method than the OMS.
2. The distribution of aN along the shear surface accord-
ing to the MIT method appears reasonable for all values of 0,
even for "deep" circles (large negative values of 0). For
this case, the MB method predicts infinite passive resistance
for e < $ - 90*, and the OMS predicts a very small passive re-
sistance which tends to zero at e = - 90*.
In Three Dimensions
1. The results obtained by the extended OMS to three
dimensions are shown in Fig. 6.3 where F/F 0 is plotted vs.
2L/DR. The method predicts that failure of frictional slopes
(XAc= 100) takes place along very short and deep shear sur-
faces contrary to typical observed failure modes. This arises
because the extended OMS assumes the effective longitudinal
stress, a , to be equal to zero. This assumption underestim-
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ates the frictional resistance on vertical planes, becomes
significant when Ac$ increases, and, therefore, is not con-
sidered satisfactory.
2. The results obtained by the MIT method (Fig. 6.4)
show that when K = 0, the results are very simil&r to the
extended OMS: F/F0 is less than unity, and the critical fail-
ure length is very short. This confirms the earlier conclu-
sions that the extended OMS yields unrealistic results because
the longitudinal stresses are neglected.
3. An increase in the longitudinal effective stress, a,
increases the end effects, i.e., F/F0 increases when K increa-
ses. Furthermore, this effect of P increases as the friction-
al strength parameter, Xc$, increases, and vanishes for fric-
tionless slopes (X c = 0).
4. An increase in the frictional component of the shear
strength reduces the end effects, i.e., F/F0 decreases as xccp
increases (Fig. 6.3). In the case of K = 0.3 and Xc= 100,
which corresponds to a highly frictional slope near the active
state in the longitudinal direction, end effects (F/FO) are
not significant when 2L/DR > 3.
5. The end effects increase slightly with slope angle 3.
Finally, four case studies of embankments rapidly loaded
to failure on saturated clay foundations were analyzed. Two-
and three-dimensional total stress (c = su and q = 0) circu-
lar arc stability analyses were performed utilizing two
strength models: 1) the (uncorrected) field vane strength,
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s u(FV) and 2) the Stress History and Normalized Soil Engi-
neering Properties (Ladd and Foott, 1974) strength, which
accounts for strain compatibility along the shear surface and
strength anisotropy based on Davis and Christian's (1971)
elliptical model extended to three dimensions, SHANSEP-S ().
The results show that:
1. The end effects, F/F0, increase the plane strain fac-
tor of safety, F0 , by a maximum of 30% (1-95 case) and a mini-
mum of 7% (Fore River Test section, FRT, case). Therefore,
when three-dimensional effects are neglected in the analysis
of test fills, the back-calculated in situ shear strength can
be slightly to significantly overestimated.
2. The SHANSEP-Su (e) strength model, which accounts for
strength anisotropy and strain compatibility along the circu-
lar shear surface, yielded factors of safety close to unity
at failure (except for the FRT case). However, the results
of this model are influenced by the stress history of the soil
deposit as well as the failure length. Based on the observed
failure length and the best estimate of the stress history pro-
file at the 1-95 site, the three-dimensional factor of safety
at failure, F = 1.06. Hence, the SHANSEP-Su () model for the
1-95 site is considered satisfactory. On the other hand, the
best estimate of the stress history profile (corresponding to
the average avm profile) underestimated F for the Experimental
Test Section and the Fore River Test section case studies, and
overestimated it for the New Liskeard Embankment failure.
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3. Strength anisotropy can be accounted for in plane
strain circular arc stability analyses by using an equivalent
strength, s u(equ), given by:
s (equ) = a[su (V) + su (H)]
For nonlayered soils, e.g., Boston Blue Clay and Portsmouth
Clay, a was found equal to 0.45, whereas for the New Liskeard
Varved Clay, a = 0.40. However, it should be noted that for
varved clays, the strength is at or near its minimum for hori-
zontal failures. Hence, the use of [s (v) + s u(H)] to account
for strength anisotropy in noncircular (wedge type) shear sur-
faces, where a large portion of the failure surface is hori-
zontal, may be unsafe.
4. The end effects, expressed by the ratio F/F 0 , were not
significantly affected by the strength model used, i.e., FV
vs. SHANSEP-S (). This means that for routine investiga-
tions of three-dimensional effects, the FV strength can gen-
erally be used without significant errors. This will reduce
the computational time by an order of magnitude.
5. The end effects are affected by the longitudinal (out-
of-plane) stress, a because of the frictional properties of
the fill material. In the 1-95 case study, an increase in
K(= aX /a) from K to K and K increases the minimum ratioZ v a o p
of F/F 0 from 1.16 to 1.22 and 1.42, respectively (Fig. 8.16).
6. Following Bjerrum's procedure (1972), and in order to
use the field vane data, s u(FV), in the design of embankments,
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Fig. 8.44 gives a plot of the FV correction factor, y, versus
the plasticity index, P.I., of the clay. The design strength
for embankments can bE estimated by the product p x sq (FV).
These correction factors were obtained based on the results
of three-dimensional analyses (F at failure) for the four
case studies investigated herein, and for fourteen additional
embankment failures reported in the literature. Figure 8.44
shows that the new correction curve based on F is about 10%
lower than Bjerrum's curve, which was based on FO. However,
including the end effects in the correction factor, y, did
not significantly affect the scatter in p.
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APPENDIX A
COMPUTER PROGRAM STAB3D
The computer program STAB3D* is capable of performing
two-and three-dimensional stability analysis of arbitrary
slopes by the method of slices. In two-dimensions, the shear
surface is assumed to be a cylinder. In three-dimensions, two
different types of shear surfaces can be used: a cone
attached to a cylinder; and an ellipsoid attached to a cylin-
der. The two dimensional analysis can be performed accor-
ding to one of three methods: the ordinary method of slices
(Fellenius, 1936); the modified Bishop method (Bishop, 1955);
and the MIT method described in Chapter 6. The three-dimen-
sional analysis can only be performed according to the MIT
method.
The program will locate the surface having the minimum
factor of safety at each of a specified set of trial centers.
Alternatively, a search routine is provided that can be use-
ful in locating the center and shape of the critical failure
surface. Explicitly defined surfaces can also be analyzed.
Analyses can be performed by either the total or the
*The two-dimensional option of STAB3D is based on the
computer program No. EP-5A written by Reti, G. and Djou, K.
(1969) for the Dames and Moore consulting firm.
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effective stress method, dependingon the input of appropriate
soil strength properties.
This appendix gives the STAB3D user's manual. In this
manual, each card or group of cards is identified by a name,
the format used on the card(s), the meaning of the variables
and notes.
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A.1 USER'S MANUAL
1. IDENTIFICATION CARD (18A4)
Note Columns Entry
(1) 1 - 72 Enter the program heading information for use in
labeling the output.
NOTES:
(1) Begin each new data case with a new identification card.
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2. MASTER CONTROL CARDS
2.1 Card 1 (7F 10.3)
Note Columns Entry
(1) 1 - 10 Number of water lines.
(2) 11 - 20 Pore pressure definition code:
Code = positive number equal to number of piezo-
metric lines. Pore pressure is defined by
piezometric level.
Code = 0; pore pressure is defined by coefficient
r given with two-dimensional soil proper-
ties data.
Code = -1; pore pressure is defined by top flow
line, given as the water line data.
(3) 21 - 30 Number of slope geometry lines.
(4) 31 - 40 Method of analysis:
Code = 1; Ordinary Method of Slices
Code = 2; Modified Bishop method
Code = 3; MIT method
(5) 41 - 50 Type of analysis;
Code = 0; two-dimensional analysis
Code = 1; three-dimensional analysis
(6) 51 - 60 Data input code.
(7) 61 - 70 Unit weight of water:
Code = 0; default set to 62.4 pcf.
NOTES:
(1) Number of water lines. This is a count of the number of lines
used to define the water surface within and outside the slope. A maxi-
mum of 10 straight-line segments can be used to define the water surface.
(2) Pore pressure definition code. This code defines the method
used to specify pore pressures in the slope. Three options are available:
Code = positive number; the pore pressure is de-
fined by the piezometric level in the slope. For seepage through soils,
the piezometric head is defined as pressure head. The pore pressure along
any point on the failure circle is equal to the vertical distance from that
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point to the piezometric line above that point (see Fig. A.la). For this
case, the code number is the count of the number of straight line seg-
ments used to define the piezometric level for the slope. A maximum of 10
straight-line segments can be used for this purpose.
Code = 0; the pore pressure is defined by the pore
pressure ratio, r u, given with the two-dimensional soil properties in Sec-
tion 6 of this manual. r is equal to the ratio of the pore pressure within
a soil layer to the total overburden stress applied to that layer, or:
u
r =
U t h
where,
u = pore pressure
Yt= total unit weight of the soil
h = depth to point (see Fig. A.lb)
Code = - 1; the pore pressure is defined by the
phreatic surface given with the water lines listed later in Section 3. The
phreatic line corresponds to the top flow line of a flow net. Such a boun-
dary flow line has the special characteristic that at all points of the
line the pressure head is zero.
In the program the pore pressure at any point in the slope is
computed as the unit weight of water multiplied by the vertical distance
times the cosine squared of the slope of the phreatic line directly above
the point in question. (See Fig. A.lc.) This is an approximation unless
the phreatic line is a straight line. The error is usually on the con-
servative side for phreatic lines which curve down (concave down). The
actual pore pressure for such a downward curving phreatic line is less
than the one computed by the above described approximation. For an up-
ward curving phreatic line, the approximation is less conservative than the
actual condition, however, upward curving flow lines are relatively rare
in slope seepage.
(3) Number of slope geometry lines. This is a count of the number
of straight-line segments which will be used to define the slope geometry.
A maximum of 80 lines can be used for this purpose. The slope geometry
lines must include any water surface located outside the slope. Internal
water lines must be included if the soil properties are different above and
below the line.
(4) Method of analysis. Two-dimensional analysis can be performed
according to one of three methods; the Ordinary Method of Slices; the
Modified Bishop method; and the MIT method. For a description of these
methods including the limitations and the assumptions involved, the user
is referred to Chapter 6. For three-dimensional problems, the analysis
must be performed according to the MIT method, and hence a "3" must be
specified in columns 31 to 40. If a different entry is specified, execu-
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UA *w h
41 a unit weight of woter
a) PORE PRESSURE SPECIFIED BY PIEZOMETRIC LEVEL
B
us -ru th
7t =total weight of soil
b)PORE PRESSURE SPECIFIED BY PORE PRESSURE COEFFICIENT r
top flow line
C
uc - w h cosaa a YSh'
c) PORE PRESSURE SPECIFIED BY TOP FLOW LINE
Figure A.1 Pore Pressure Specification in STAB3D
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tion of the program will terminate.
(5) Type of analysis. In running a three-dimensional analysis,
the program STAB3D provides also the plane strain factor of safety, accor-
ding to the MIT method, for each surface analyzed.
(6) Data input code. This code number allows the user to reanalyze
a slope without reentering all the data from the previous problem:
Code = 1; all new data.
Code = 2; same water and piezometric lines. Other
new data (after the end of Section 2, pro-
ceed to Section 5).
Code = 3; same water, piezometric lines, slope
geometry data. After the end of Section
2, proceed to Section 6 to input the two-
dimensional soil properties.
Code = 4; same water, piezometric lines, slope
geometry and soil properties data. Pro-
ceed to Section 7 to input the variation
of soil properties along the axis of the
slope after the end of Section 2.
Code = 5; after the end of Section 2, proceed to
Section 8 to input the cross-sectional
variation data.
Code = 6; after the end of Section 2, proceed to
Section 9 to input the line load data.
(7) Unit Weight of Water. This field is used to enter the unit
weight of water if it is different from 62.4 pounds per cubic foot. This
allows the use of different water unit weight to account for sea water,
special fluids, etc., and to perform the slope stability analysis in the
metric system. Since all other values on the input data are inde-
pendent of the system of measurement, slope stability analyses to be per-
formed in the metric system need only to have the unit weight of water
adjusted to correspond to the units used throughout the rest of the analysis.
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2.2 Card 2 (5F 10.3)
Note Columns Entry
(1) 1 - 10 Number of horizontal layers forming the slope.
11 - 20 Offline plotting code:
Code = 1; a deck of cards containing the data
for plotting the end effects (F/F0 ) vs.
the normalized failure length (2L/DR) is
punched.
Code = 0; no data is punched.
21 - 30 Online plotting code:
Code = 1; an online plot of (F/F0 ) vs. (2L/DR)
is provided.
Code = 0; no plot is obtained.
31 - 40 Units code:
Code = 1; data is given in ton-meter units.
Code = 0; data is given in pound-foot units
41 - 50 Strength anisotropy code:
Code = 1; the strength of any soil layer within
the soil deposit is anisotropic.
Code = 0; the strength of all soil layers is
isotropic.
NOTES:
(1) The maximum number of layers is equal to 30.
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2.3 Card 3(7F 10.3)
Skip cards 3 and 4 of this section if running a two-dimensional analysis.
Note Columns Entry
(1) 1 - 10 z-coordinate at which the failure surface is centered.
(2) 11 - 20 The maximum z-coordinate of the embankment.
(2) 21 - 30 The minimum z-coordinate of the embankment.
(3) 31 - 40 Specified cylinder length (enter zero if the cylinder
length is to be varied).
41 - 50 Printing code:
Code = 0; results are only printed for the shear
surface yielding the minimum three-dimen-
sional factor of safety.
Code = 1; results are printed for all surfaces
analyzed.
Code = 2; results are printed for failure surfaces
attached to a specific cylinder.
(4) 51 - 60 Cylinder number forming the shear surfacesfor which
the detailed information is printed (enter zero if
code above is not equal to 2).
(5) 61 - 70 Number of different cross sections to be analyzed.
NOTES:
(1) For running three-dimensional analysis, the user must specify
the z-coordinate, along the embankment axis, at which the failure surface
is centered, z . This is particulary important for the case when the
shear strength is varying along the axis of the embankment. In this case,
zc should be taken at a location where the shear strength is low. Dif-
ferent z locations will ultimately yield the location of the most critical
shear surface.
(2) The user must also specify the maximum and minimum z-coordinates
of the embankment, z and z , respectively. The embankment length is then
given by zu - z .
Knowing zQ,, z and z , the three-dimensional analysis is carried
out according to the foliowing procedure:
a) half the cylinder length, k. , is allowed to vary between
a minimum of zero and a maximum equal to the distance between z c and the
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closest end of the embankment. Within this distance 10 cylinders of
varying lengths are considered.
b) The remaining distance between a given k and the closest
end of the embankment determines the range over which the length of the
conical (or ellipsoidal) attachments vary. Within this distance, 10 cones
(or ellipsoids) are considered.
c) For each combination of a cone (or ellipsoid) and a cylin-
der, STAB3D computes the three-dimensional factor of safety, F.
(3) STAB3D offers the user the option of specifying the cylinder
length forming the three-dimensional shear surface. In this case, the
cylinder length is set equal to the specified cylinder length and the cone
(or ellipsoid) length is then varied according to the procedure described
above.
(4) As was mentioned previously, 10 different cylinders are con-
sidered within the distance between z and the closest end of the embank-
ment. These cylinders are numbered 1 io 10, with the number 1 assigned to
the cylinder with zero length. When the printing code in columns 41
through 50 is 2, results are only printed for the failure surfaces con-
sisting of one of the above cylinders plus the conical (or ellipsoidal)
attachments. The user's selection of this cylinder number is entered in
columns 51 through 60.
(5) This entry is provided for the analysis of embankments of
varying cross sections. STAB3D has the capability of analyzing embankments
with a maximum of two different cross sections.
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2.4 Card 4 (3F 10.3)
Skip this card if running a two-dimensional analysis.
Note Columns Entry
(1) 1 - 10 Number of segments dividing the failure surface
in the third dimension (leave blank if equals
20).
11 - 20 Code for strength variation along the embankment
axis:
Code = 1; strength of any layer is nonuniform.
Code = 0; strength of all layers is uniform.
(2) 21 - 30 Code for line load variation along the embankment
axis:
Code = 1; line load is varying.
Code = 0; no variation in the line load.
NOTES:
(1) This is equivalent to the number of slices in two-dimensional
analysis. Results in Chapter 3 show that good results are obtained when
20 segments are used.
(2) This option allows the user to input line loads of finite
length.
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3. WATER LINE DATA
Proceed to Section 5 if number of water lines (Section 2) is equal to 0.
3.1 Card 1 (5F 10.3)
Note
(1)
Columns Entry
1 - 10 Line number.
11 - 20
21 - 30
31 - 40
41 - 50
x and y coordinates of the left point of the line.
x and y coordinates of the right point of the line.
NOTES:
(1) The x and y coordinates of the ends of straight-line segments
defining the water line within and outside the slope are entered in this
section of the manual. The number of water lines to be used must be equal
to the line count given on Card 2.1. No vertical water lines are allowed
but very steeply inclined lines (slopes up to 1 horizontal to 10 vertical)
can be used to approximate near vertical lines. Water line segments can
intersect the other types of lines (such as piezometric lines or soil geo-
metry lines) in the slope. Water line limits should extend far enough
left and right to allow for the analysis of large circles extending in
each direction. Enter as many cards as there are water lines (maximum =
10).
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4. PIEZOMETRIC LINE DATA
Proceed to Section 5 if pore pressure definition code (Section 2) is 0 or -1.
4.1 Card 1 (5F 10.0)
Note
(1)
Columns Entry
1 - 10 Line number.
11 - 20
21 - 30
31 - 40
41 - 50
x and y coordinates of the left point of the line.
x and y coordinates of the right point of the line.
NOTES:
(1) If a positive "Pore Pressure Definition Code" was used in
Card 2.1, then the x and y coordinates of the ends of straight-line seg-
ments defining the piezometric line are entered in this section. The
number of piezometric line segments must be equal to the line count given
on Card 2.1. Again, no vertical lines are allowed but near vertical
lines can be used (see Section 3). Piezometric line segments should ex-
tend across the entire slope geometry and can be located above the slope
surface, if necessary. The height of the piezometric line should corres-
pond to the pressure head of water in the slope based on the unit weight of
water given on Card 2.1. Enter as many cards as there are piezometric
lines (maximum = 10).
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5. SLOPE GEOMETRY DATA
5.1 Card 1 (7F 10.0)
Note
(1)
Columns
1 - 10
11 - 20
21 - 30
31 - 40
41 - 50
Entry
Line number.
x and y coordinates of the left point of the line
x and y coordinates of the right point of the line.
51 - 60 Soil number laying above this line.
61 - 70 Soil number laying below this line.
NOTES:
(1) The x and y coordinates of the ends of straight-line segments
used to define the slope geometry are recorded in this section of the
manual. Up to 80 lines can be used to specify slope geometry. The x and
y coordinate system should be established so that the entire slope is lo-
cated along positive values of the coordinate system and that the slope
fails by rotation in the counter-clockwise direction. No slope geometry
lines should intersect one-another and no vertical lines can be used. Ver-
tical lines can be approximated by near vertical lines (inclined approxi-
mately 10 vertical to 1 horizontal). The slope geometry lines need not be
listed in any particular order. Enter as many cards as there are lines
(maximum = 80).
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6. TWO-DIMENSIONAL SOIL PROPERTIES
Data for each soil layer is given on two cards. Enter as many two-card
sets as there are soil layers (maximum = 30).
6.1 Card 1 (7F 10.3)
Note Columns Entry
1 - 10 Layer number.
11 - 20 Total unit weight of soil.
21 - 30 Friction angle of soil, in degrees.
(1) 31 - 40 Strength parameter a.
(1) 41 - 50 Strength parameter d.
(1) 51 - 60 Strength parameter e.
(2) 61 - 70 Angle between the failure plane and the major prin-
cipal plane at failure.
NOTES:
(1) Strength anisotropy is treated in STAB3D according to the
Davis and Christian model described in Chapter 5. The input parameters
needed are:
a = 1/2[s u(V) + su(H)]
d = 1 - 2/a2
e = (1 - K )/(1 + K )
s s
where
su (V) = undrained shear strength for plane strain compression shear
s (H) = undrained shear strength for plane strain extension shear
u
K = s (H)/s (V)
s u u
s (450)
b/a = u , where s ( 4 5 *)= s for plane strain shear with
s (V) - su(H) u u
u u
i1 45*.
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For the case of isotropic strength enter a = isotropic strength and
d - e - 0. Similarly, for frictional material, enter a = cohesion inter-
cept, c and d - e - 0.
(2)This is the angle needed to relate the inclination of the failure
surface to the angle which the major principal stress at failure makes
with the vertical.
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6.2 Card 2 (2F 10.3)
Note Columns Entry
1 - 10 Pore pressure ratio, ru'
(1) 11 - 20 Ratio of longitudinal effective stress to vertical
effective stress (leave blank if running a two-
dimensional analysis, or if layer has # = 0 and
c = sU)
NOTES:
(1) For frictional materials ($ # 0), the shear strength depends
on the normal stress on the failure plane at failure. In two dimensions,
the MIT method assumes that the vertical overburden stress is a major, or
minor, principal stress at failure depending on whether the inclination of
the base of the slice is positive or negative, respectively (see Chapter
6 for details). In three-dimensions, the longitudinal (out-of-plane) effec-
tive stress,c, is also assumed to be a principal stress and given by the
ratio K(= a/Iav). This completely defines the principal stress tensor, and
hence the normal effective stress on the base of the failure surface, aN'
can be easily computed. This aN can then be used in conjunction with
the Mohr-Coulomb criterion to determine the shear strength.
Go to next section if only one cross section is to be analyzed,
otherwise input soil properties for Section 2. In this case, the user needs
to input data only for layers whose properties differ between cross sec-
tions 1 and 2 according to the format described above. Two blank cards
indicate the end of the data.
368
7. THREE-DIMENSIONAL SOIL PROPERTIES
Skip this section if running a two-dimensional analysis or if there is no
variation of the strength along the axis of the slope (Section 2.4). Data
for the strength variation of each layer is given in two groups. Input
as many groups as there are layers.
7.1 Group 1 (only 1 card, 7F 10.3)
Note Columns Entry
1 - 10 Layer number
(1) 11 - 20 Number of data points describing the variation
of the shear strength along the axis of the embankment.
(2) 21 - 30 Code indicating whether data expressing the varia-
tion of the strength for this layer is given or
generated from data for the previous layer:
Code = 0; data is given.
Code = 1; data is generated from that for the
previous layer.
31 - 40 Scaling factor used to adjust the strength parameter
"a" generated from the previous layer. Leave blank
if code in columns 21 - 30 is 0.
41 - 50 Scaling factor used to adjust the strength parameter
"d" generated from the previous layer. Leave blank
if code in columns 21 - 30 is 0.
51 - 60 Scaling factor used to adjust the strength parameter
"e" generated from the previous layer. Leave blank
if code in columns 21 - 30 is 0.
NOTES:
(1) The strength variation is taken into consideration by inputing
a curve of shear strength vs. the distance z along the embankment axis for
each soil layer. A maximum of 15 points can be used to describe each
curve.
(2) The data describing the variation of the strength for a parti-
cular layer can be generated from data for a previous layer. The generated
data points for any layer will have the same values of the coordinate z and
the strength parameters a, d and e as those of the previous layer. The
user can then use the scaling factors in columns 31 through 60 to adjust
the values of the generated a, d, and e. The user, however, must give the
data for the first layer.
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7.2 Group 2
Skip this group of cards if code in columns 21 - 30 is 1, i.e., data
describing the strength variation for this layer is generated from data for
the previous layer.
Card 1 (4F 10.3)
Note Columns Entry
1 - 10 z-coordinate of 1st point.
11 - 20 Value of "a" at 1st point.
21 - 30 Value of "d" at 1st point.
31 - 40 Value of "e" at 1st point.
Card 2 (4F 10.3)
Note Columns Entry
(1) 1 - 10 z-coordinate of 2nd point.
11 - 20 Value of "a" at 2nd point.
21 - 30 Value of "d" at 2nd point.
NOTES:
(1) Input as many cards as required to fully describe the strength
variation of this layer (maximum = 15).
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8. CROSS-SECTIONAL VARIATION
Skip this section if there is no variation in cross sections, i.e., the
number of different cross sections to be analyzed (Card 2.3) equals 1.
Data for the cross-sectional variation is given in two groups.
8.1 Group 1 (only 1 card, F 10.3)
Note Columns Entry
(1) 1 - 10 Number of data points describing the cross-sectional
variation.
NOTES:
(1) As was mentioned previously, STAB3D is capable of analyzing
the stability of embankments with variable cross sections. A maximum of
two different cross sections can be handled in STAB3D. The central cross
section is given the number 1 and the other cross section the number 2.
The user has to input the curve describing the cross-sectional variation.
This is achieved by inputing a z-coordinate and the cross section number
corresponding to this z. A maximum of 10 points can be used to describe
the variation.
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8.2 Group 2
Card 1 (6F 10.3)
Note Columns Entry
1 - 10 z-coordinate of 1st point.
11 - 20 Cross section number at 1st point (either 1 or 2).
21 - 30 z-coordinate of 2nd point.
31 - 40 Cross section number at 2nd point.
41 - 50 z-coordinate of 3rd point.
51 - 60 Cross section number at 3rd point.
Card 2 (6F 10.3)
Note Columns Entry
(1) 1 - 10 z-coordinate of 4th point.
11 - 20 Cross section number at 4th point
NOTES:
(1) Input as many cards as required to describe the cross-sectional
variation, three points per card.
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9. LINE LOADS
Data for line loads are giver, in three groups.
9.1 Group 1 (only 1 card, F 10.3)
Note
(1)
Columns Entry
1 - 10 Number of line loads.
NOTES:
(1) A maximum of 12 line loads can be used. Proceed to Section 10
if number of line loads = 0.
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9.2 Group 2 (only 1 card, 5F 10.3)
Enter as many group 2 and 3 cards as there are column loads.
Note Columns Entry
1 - 10 x-coordinate of the load
11 - 20 Value of the load:
if using pound-foot units, enter the value of
the load in kips,
if using ton-meter units, enter the value of
the load in tons.
(1) 21 - 30 Number of data points describing the variation for
this load along the z-axis.
31 - 40 Code indicating whether data for this load is given
or generated from data for the previous load:
= 0; data is given for this load,
= 1; data is generated.
41 - 50 Scaling factor to adjust the magnitude of the gener-
ated load.
NOTES:
(1) This option is provided to allow the user to input line loads
of finite length (Card 2.4). This is achieved by inputing the line load
as a function of the distance along the embankment axis. A maximum of
10 points can be used to describe this.
IF CODE IN COLUMNS 21 - 30 OF CARD 2.4 IS EQUAL TO ZERO, LEAVE COLUMNS
21 - 50 BLANK AND GO BACK TO GROUP 9.1 TO INPUT THE DATA FOR THE NEXT LINE
LOAD.
374
9.3 Group 3
Skip this group if code in columns 31 - 40 is equal to 1.
Card 1 (6F 10.3)
Note Columns Entry
1 - 10 z-coordinate of 1st point.
11 - 20 Value of load at point 1.
21 - 30 z-coordinate of 2nd point.
31 - 40 Value of load at point 2.
51 - 60 Value of load at point 3.
Card 2 (6F 10.3)
Note Columns Entry
(1) 1 - 10 z-coordinate of 4th point.
NOTES:
(1) Input as many cards to fully describe the vairation of each
line load, 3 points per cards and a maximum of 10 points.
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10. ANALYSIS INFORMATION
Card 1 (F 10.3)
Note Columns Entry
(1) 1 - 10 Mode of program operation.
NOTES:
(1) The slope stability analysis can be performed using the
various degrees of program control. The computer can be instructed to
analyze the stability of a single circle (in two-dimensions) or of a
series of single circles, the data for each of which is given by the
user. Conversely, the user can instruct the computer to automatically
locate the minimum factor of safety for the slope. The following four
options are available:
Option 1. Single Circle Analysis
The user provides the computer with a series of circle centers
and radii. The computer analyzes these circles one at a time in turn and
prints the factor of safety for each specified circle. To use this option,
enter Mode of program operation = 1 and list the centers and radii you
wish to analyze in Section 10.1 of this manual. The number of circles
which can be analyzed in this manner is unlimited.
Option 2. Single-Center--Automatic Radius Variations
Here, the user specifies a center and the upper and lower
boundaries between which he wishes the computer to vary the radii of the
circles to be analyzed. The engineer also specifies the radius change in-
crements to be used to cover the distance between the two radius boundaries.
To use this option, enter "2" for mode of program operation (Section 10)
and record the x and y coordinates of the center, the radius boundaries and
radius increments in Section 10.2. (Again, the number of analyses using
this option is unlimited.)
Option 3. Automatic Center and Radius Variations.
Here, both the center locations and the circle radii are
varied automatically by the computer. The circle center locations are
moved within the boundaries of a predetermined rectangular search area
(centers located on the boundary line of the search area are also included
in the analysis). The circle radii are varied between upper and lower
boundaries--as described above. To use this option, enter made of program
operation Number "3" (Section 10). Record the x and y coordinates of the
boundaries of the circle center search area, the desired spacing of the
circle centers, the y coordinates of the horizontal lines which will be
the upper and lower boundaries of the radii and record the step size by
which the radii are to be changed in Section 10.3.
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option .Automatic Search for Minimum FS
To use this option, enter Mode of program operation Number "4"
(Section 10). In Section 10.4, the user specifies a starting point for
the "search." The search proceeds in a series of "steps" with the first
one starting in a "northeast" direction. The initial search step size to
be used has to be specified by the user in Section 10.4. The search
continues until a circle center whose FS is smaller than the FS of the
4 centers which surround it is located. If the factor of safety "tolerance"
specified in Section 10.4 of the manual is not satisfied at this point, the
search continues with a reduced step interval. If the maximum number of
trials specified is reached before a satisfactory factor of safety is
found, the search is discontinued. For this version of STAB3D, three-
dimensional analysis can only be performed according to Option 2. For
each center, the difference between the maximum and minimum radii specified
in Section 10.2 is divided by the number of segments given on Card 2.4 to
determine the value of the radius change increment.
In addition, the user can also select to print out the de-
tailed computations of the analysis of the stability of a particular sur-
face. These options are only available for the two-dimensional analysis.
Their use is described in more detail below.
Printout Options
The following three options are available for specifying the
amount of detail to be printed regarding the search procedure used by the
computer in locating the minimum factor of safety:
1. Printout Option (1) Print all the data used in the analyses
and the final result of the search for the minimum factor of
safety.
2. Printout Option (2) Print all the data used in the analyses,
the minimum factor of safety obtained for each circle center
after having varied the radius, and the final results of the
search for the minimum factor of safety.
3. Printout Option (3) Print all data used in the analyses,
and the factor of safety computed for each center and for each
radius examined during the analysis. Finally, print the
final results of the search in terms of the minimum factor of
safety obtained for the slope.
Analysis Output Options
The following two options are available to specify the amount
of detail to be printed regarding the analysis of each circle:
1. Analysis Option (0) For each circle it analyzes, the computer
prints a one-line entry which displays basic information about
the circle. This information includes the location and radius
of the circle, the computed factor of safety and as much addi-
tional data as can be displayed on one printed line.
2. Analysis Option (1) This option produces a detailed printout
of the computations used to analyse the critical circle, and
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detailed information is printed about each soil slice. The
computer also prints the overall driving and resisting com-
ponents for each circle segment located within a particular
soil layer and for the entire critical circle. Finally, this
option also displays the iteration procedure (for the Modified
Bishop method) for converging on the final factor of safety
for the critical circle. This option produces several pages
of output for the critical circle. It should be used when
the computer calculation is to be checked manually. It
should be noted that these printout and analysis options
are only valid for two-dimensional analyses. Printout op-
tions for three-dimensional analyses are given on Card 2.2.
The following table summarizes the output options which are
available:
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Printout/ Analysis Analysis Option (0) Analysis Option (1)
Printout Option (1) Data + Results for Data + Details of Analysis
Critical Circle for Critical Circle
Printout Option (2) Data + Minimum FS for Data + Minimum FS for Each
Each Center Center
Details of Analysis
for Critical Circle
Printout Option (3) Data + FS for all Data + FS for all Circles
Circles Analyzed
Analyzed Details of Analysis
for Critical Circle
10.1 Mode Number 1
Card 1 (6F 10.3)
Note Columns Entry
1 - 10 Center number.
11 - 20 Radius number.
21 - 30 x coordinate of the center.
31 - 40 y coordinate of the center.
41 - 50 Radius of the circle.
51 - 60 Analysis option code (see Section 10).
Enter as may cards as the number of centers to be analyzed. A blank card in-
dicates the end of the analysis.
Proceed to Section 11.
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10.2 Mode Number 2
Card 1 (7F 10.3)
Columns Entry
1 - 10 Center number.
11 - 20 Leave blank.
21 - 30
x and y coordi
31 - 40
41 - 50 Maximum radius
51 - 60 Minimum radius
61 - 70 Radius change
nates of center.
increment.
Card 2 (F 10.3)
Note Columns Entry
1 - 10 Analysis option code (see Section 10).
Enter as many two-card groups as there are centers to be analyzed. Two
blank cards indicate the end of the analysis.
Proceed to Section 11.
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Note
10.3 Mode Number 3
Card 1 (7F 10.3)
Columns Entry
Boundaries of circle center variation zone.
1 - 10 Minimum x
11 - 20 Maximum x
21 - 30 Minimum y.
31 - 40 Maximum y.
Variation step increment.
41 - 50 x increment.
51 - 60 y increment.
61 - 70 Enter the number 1.
Note
Proceed to
Card 2 (5F 10.3)
Columns Entry
1 - 10 y coordinate of tangent to maximum radius.
11 - 20 y coordinate of tangent to minimum radius.
21 - 30 Radius change increment
31 - 40 Printout option code (see Section 10).
41 - 50 Analysis option code.
Section 11.
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Note
10.4 Mode Number 4
Card 1 (6F 10.3)
Note Columns Entry
1 - 10 Maximum number of centers(max. 40).
Search starting coordinates
11 - 20 x coordinate.
21 - 30 y coordinate.
Initial search step
31 - 40 x increment.
41 - 50 y increment.
51 - 60 Factor of safety tolerance.
Card 2 (5F 10.3)
Note Columns Entry
1 - 10 y coordinate of tangent to maximum radius.
11 - 20 y Coordinate of tangent to minimum radius.
21 - 30 Radius change increment.
31 - 40 Printout option code (see Section 10).
41 - 50 Analysis option code (see Section 10).
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11. END OF INFORMATION
Note Columns Entry
1 - 10 End of Job Code:
Code = 1; another problem follows.
Code = 2; all analyses completed.
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